Structural Behaviour of Blast Loaded Hybrid Systems by Yang, Yang & Yang, Yang
  
 
 
Structural Behaviour  
of  
Blast Loaded Hybrid Systems 
 
 
 
 
 
 
 
By  
Yang Yang 
 
 
 
 
 
A thesis submitted in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy  
to the Department of Civil Engineering  
of the Imperial College London 
 
 
November, 2010
  i 
ABSTRACT 
Currently, in the military and civilian fields, there is an increasing demand for using hybrid 
systems, which are manmade structural systems combining two or more distinct materials. By 
carefully studying and designing such kind of structural systems, one can take advantage of 
heterogeneity of the structure, thus significantly improving the overall structural performance. 
Hence, the demand for robust analytical and numerical models to predict blast performance of 
such system has become more important. The primary aim of the present research is to 
investigate and understand the structural behaviour of several hybrid systems under extreme 
dynamic loads and to propose concepts for optimisation.  
 
Three types of hybrid systems have been studied, improved and their performance has been 
validated. They are the metal-to-composite hybrid joints, sandwich panels, and the 
metamaterial. Analytical, numerical and experimental studies have been conducted to analyse 
the structural behaviour of hybrid joints and sandwich panels under transient high intensity 
dynamic loading, in order to ensure these systems possess the desired capacity, designed 
strength, and robustness. Therefore, they are able to resist not only static loadings but also 
shocks induced by various explosions.  
 
For frequency analysis purposes, the perforated hybrid joints and metamaterials have been 
considered as a 2D lattice. The primitive cell (unit cell) of the lattice is formulated in the 
Fourier space (k-space) and studied using the Floquet-Bloch’s principle to investigate the 
attenuation-free shock response characteristics. Plane wave propagation in the hybrid system 
is thus investigated by constructing the first Brillouin zone and extracting the band structure 
diagram.  
 
As another case for a hybrid system, the structural performance of a circular sandwich panel 
with symmetric through-thickness architecture subjected to a pulse loading of arbitrary 
temporal and spatially uniform distribution (UDL) has been investigated by using the third 
order shear deformation theory. Based on the Hamilton’s principle, the governing partial 
differential equations (PDE’s) are derived. By applying the weak form Galerkin’s method of 
weighted residuals, the PDE’s are transformed into ODE’s. By solving the ODE’s with their 
boundary and initial conditions, results show that there is a strong correlation with finite 
element results obtained from ABAQUS 6.9. The third-order shear deformation theory allows 
for accurate assessment of out-of -plane shear in the core where the failure usually occurs. 
 
Due to the fact that core of a sandwich panel is more often to be the weakest link, a remedy 
must sought, e.g. employing additional core layers, to improve its performance. Dynamic 
response of four circular sandwich panel constructions with different proposed core designs 
under global and local blast loading conditions has been investigated. Numerical finite 
element (FE) models have been set up to study the effect of additional core inter-layers on 
blast resistance enhancement of these sandwich panels. A ductile elastomeric layer of 
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polyurea, and a fairly compressible Divinycell-H200 foam layer have been selected as the 
additional core inter-layers and have been placed in different arrangements to protect the core 
of the standard sandwich panels, and maximise overall blast resistance. Comparison of 
specific kinetic and strain energies shows the effect of additional core layers on blast energy 
absorption of a sandwich system. The study shows the improvement in shear failure 
prevention in the core as a result of the use of additional core layers. One qualitative 2DoF 
system with a viscoelastic spring element representing the integral effects of sacrificial 
additional core inter-layers and a nonlinear spring representing the stiffness of the 
conventional sandwich system; and a similar qualitative SDoF model of a conventional 
sandwich panel have been developed for dynamic analysis. The conclusions drawn from the 
numerical tests are confirmed by the output of this analysis. 
 
The results of this research work give a better understanding of the performance of some 
generic hybrid systems under blast, which allows the optimised hybrid system to be more 
confidently designed and should be able to fill the gap in the currently growing demand for 
high strength, light weight, reliable hybrid systems in various civilian and military industries. 
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CHAPTER 1  
INTRODUCTION 
 
1.1 Background 
 
The objective of this chapter is to address three fundamental questions of hybrid systems. (1) 
What does a hybrid system mean in the context of this research? (2) Why there is a demand for 
hybrid systems? (3) How are hybrid systems being used? The general background for three 
types of hybrid system studied in this research is given as a part of the answer to the What 
question. More details of the setting of each type of hybrid system is defined, classified, and 
characterized in 1.2. Advantages and applications of the hybrid systems are explained in 
answers to the Why and the How questions, respectively. 
 
1.1.1 The What – What is a hybrid system studied in this research? 
 
The word ―hybrid‖ in the term hybrid system signifies that two or more distinct materials are 
combined on a macroscopic or microscopic scale to form a new advanced structural system, 
which takes advantage of material properties of each component. Hence, it can have optimized 
structural performances such as lower weight, longer fatigue life, higher strength, stiffness, 
superior corrosion, wear, and blasting resistance etc. In literature, the word ―composite‖ is also 
commonly used to describe such kind of system. However, in this research the word composite 
only means laminated fibre-reinforced polymer materials such as Glass Fibre Reinforced 
Plastics (GFRP), Carbon Fibre Reinforced Plastics (CFRP) etc, to avoid any confusion.  
 
The use of hybrid systems, in engineering can be traced back to ancient times, when the 
Israelites used straw to strengthen mud bricks; the Egyptians glued strips of wood in alternating 
directions layer by layer to create the plywood, the Chinese added chromium compounds to the 
bronze swords; and the Romans created concrete by mixing aggregates, sand, cement with 
water. In this research, three types of modern hybrid systems have been investigated, improved 
and validated. They are the sandwich panels with composite polymer facings and a balsawood 
or foam core, the metal-to-composite hybrid joints, and the phononic metamaterial. The reason 
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for choosing these types of hybrid systems to study in this research is due to the increasing 
demand from the related industries, and why there is such a demand is explained in the 
following section. 
 
1.1.2 The Why – Advantages of using composite contained hybrid systems 
 
The reason why there is an increasing demand for hybrid systems in various industries, in particular 
in the military field, is that the hybrid system is able to take advantage of material properties of 
each component and significantly optimise structural performance. Here we use 
composite-to-metal hybrid system as an example. 
 
In the latter part of the 20
th 
century, there is a rapid expansion of interests in hybrid structures 
consisting of composite (GFRP/CFRP) combined with metals. This is due to the following 
advantages of the composites [1], which attracted applications to both military and civilian 
industries:  
 
a) High Strength-to-Weight Ratio 
Composite materials provide a high strength-to-weight ratio. For marine industry, the hull 
weight saving means allowance of increase in military payload, and reduction in fuel 
consumption. Especially for fast vessels, light weight could be essential. For offshore structures, 
lighter top-side structures are easier and cheaper to install and require lighter support structures. 
b) Corrosion Resistance 
Composite materials have excellent corrosion resistance and for military and civilian industries, 
less corrosion leads to low maintenance costs. 
c) Low Life Cycle Cost  
Despite an increase in construction cost, the overall life circle cost will be less than using the 
traditional metal material because of the fuel consumption saving and low maintenance costs. 
d) Damage tolerance 
Research and practice proved composite material can also improve acoustic damping, impact 
properties, fire performance and shock resistance of the structure.  
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Figure 1-1 Typical design of composite 
panel with metal frame [1] 
e) Feasibility to add specific functions 
Additional functions such as stealth properties are able to be enhanced by using composite 
materials, since they can have low infra-red magnetic and radar cross-sectional signatures.  
 
Although, composites have the aforementioned attributes, they have a major drawback, which 
is the lack of ductility, and this defect can be remedied by using composites in conjunction with 
traditional metallic material, since metals are usually identified with large plastic deformation 
capacity prior to rupture. This led to a huge demand for such kind of hybrid systems. Large 
amounts of design examples of hybrid layered system, hybrid joints and metamaterials can be 
found in an extensive range of industry applications which are going to be discussed in next 
section. 
 
1.1.3 The How – Applications 
 
Applications of hybrid joints, hybrid layered systems, and metamaterials have been shown in 
multiple industries. In civilian applications, for instance, hybrid systems have been designed for 
composite bridge decking systems in infrastructure construction [2-4] and the potential of 
hybrid joints also can be seen in the automotive industry [5-6]. Sandwich panels, fibre-metal 
laminates (FMLs) have been frequently used in yacht construction [7]. Nevertheless, to date the 
primary application field for hybrid systems is still in the military field [8-17]. 
Metal-to-composite hybrid systems were initially applied in aircraft industry by using 
composite patches to repair the aluminum frame [8]. Their use was then expanded to the 
airframe. Hybrid joints techniques were applied in the tails of the F-14, F-15, F-16, and F-18, as 
well as in the wing of the F-18 and F -111 [9].  
 
The marine field is another key area where hybrid systems 
are commonly used. In naval industry, it is believed the use 
of hybrid system could lead to one of the most fundamental 
shifts since steel replaced wood. Therefore, typical hybrid 
layered systems, such as sandwich panels,   fibre-metal 
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Figure 1-2 La Fayette frigate with the composite 
superstructure section. [14] 
laminated panels, etc. and hybrid joints have been widely applied in this field. Benefits of using 
composites in naval vessels are stated in Chalmers’s report [10]. Large naval vessels, such as 
patrol boats, mine countermeasure vessels, fast hydrofoils, hovercrafts and corvettes can be 
composed of a steel frame joined to a composite bow, stern, and top. For example, HSS 1500 
catamarans, built by Finnyards Oy for Stena line, have up to 80 tons of large GRP sandwich 
components. One of the typical optimised designs is shown in figure 1-1. The single-skin or 
sandwich composite panels are stiffened by metal top-hat sections. Details can be found in 
Mouritz et al.’s review of the advanced composite structures in marine applications [11].  
 
 
Navies are also assessing and 
exploring the feasibility of building 
large ship superstructures with 
composites because of the poor fire 
resistance and structural performance 
of the conventional light weight 
aluminium alloy superstructures.  
Moreover, the composite materials 
are ideal for replacing the aluminium 
alloy because of the similar lightweight property. The lightened upper part can bring the 
attendant benefit of enhancing the overall stability of the ship [12-14]. Figure 1-2 shows a base 
design (BD) hybrid joint applied on the French La Fayette frigate, which has the largest 
composite super structure on a warship. The advantage, disadvantage and details of this design 
were presented by DCN Lorient France [15]. 
 
As the above examples are showing, the demand for using reliable and economical hybrid 
system with connection of large composite panel or sandwich parts to metal structures are 
extraordinary huge. However, in practice, it shows that the expanding speed of applying hybrid 
systems is hindered by several factors, such as construction costs and manufacturing 
technologies. One of the major factors is the lack of design rules, empirical data and 
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    Figure 1-3 Basic types of mechanical joints 
Composite 
Metal 
simple-to-use models to achieve the stringent performance assessment. Particularly for military 
applications, the difficulty of adequate quality control appears in the manufacture of hybrid 
systems for large panel structures. Moreover, there is a lack of confidence in the fatigue and 
durability of the hybrid systems. Consequently, the design of such kind of hybrid systems 
becomes one of the greatest challenges, as hybrid systems usually entail geometry and material 
discontinuities, which could induce stiffness mismatch, impedance mismatch and local stress 
concentration. Typically, the hybrid joint can be potentially the weakest link in the structure due 
to the wave-induced bending or torsion moment, and impact such as shocks induced by 
underwater explosions. Considerable effort has been devoted to the design and analysis of these 
hybrid systems. An introduction to hybrid joints is given in section 1.2 and a brief discussion on 
hybrid layered systems and metamaterials is given in section 1.3. 
 
1.2 Primary Classification of Hybrid Joints 
 
There is a wide multiplicity of designs of hybrid joints to connect metal to composite materials. 
In general, the hybrid joints can be classified into three major groups: mechanical fastening, 
adhesive bonding, and combined joints. 
 
1.21 Mechanical Fastened Hybrid Joints:  
The traditional techniques of fastening 
materials include brazing, welding, 
riveting, bolting, etc. For hybrid 
connections, bolting and riveting are 
commonly applied. The basic types of 
mechanical joints are shown in figure 1-3. 
 
Efficiency of the joint can be expressed as 
the ratio of the gross section stress (defined 
as   
 
   
  ) to the strength of the laminate in the gross section. For metals single fastener 
joints can have efficiencies as high as 80%. Polymer matrix-fiber composite laminates have 
Metal 
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efficiencies generally less than 50% due to their strength anisotropy and inability to redistribute 
stress. Comparing with the other types of joints, load transfer and failure resistant capability of 
mechanical fastened hybrid joint is not efficient. It is often necessary to bond a load-spreading 
insert onto the composite in order to transer the load into the structure less abruptly. 
Furthermore, this lateral restrain could also assist the suppression of the shear crack under 
compression [16].  
 
The effects of joint geometry [17], fibre orientation [18-20], stacking sequence [21], fastener 
flexibility [22], and through-thickness restrain [23] were observed in previous experimental 
investigations, respectively. The effects of clearance [16] [22], friction between the fastener and 
the laminate [24], loading conditions and geometry were also assessed by various numerical 
and analytical methods. All these factors were considered as important parameters for 
mechanical fastened hybrid joint design. More detailed works of literature were cited in the 
review work carried out by Matthews et al [25]. 
 
Although mechanically fastened hybrid joint shows some advantages such as ease of 
disassembly which allow component repair or substitution, the cut-outs can introduce 
significant stress concentrations and possible vulnerability to fatigue loads and environmental 
attacks. These stress concentrations can weaken the overall strength of the structure and impair 
its survivability. Hence, the analysis of stress distribution around the holes is critical for design 
of mechanical fastened hybrid joints. Similar to mechanically metallic joints, the stress 
concentration factors (SCF) are commonly derived to characterise the stress distribution effects 
of a load-free circular hole for uniaxial and biaxial loading cases [26-27]. On the other hand, 
different numerical analysis approaches have also been applied in the literature to determine the 
stress distribution in mechanically fastened joints, these can be categorised as the finite element 
method, the boundary collocation method, and the boundary element method. A bibliography 
for the work done between 1992 and 1994 was given by J. Mackerle [28]. 
 
The boundary collocation method uses two complex stress functions which are formulated by 
imposing continuity conditions along the holes and boundary conditions along the edge of the 
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Figure 1-4 Bolted joint failures [33]  
adherends. This method has been proven to be very efficient for composite joints with limited 
fasteners [28]. The second is the boundary element method; it was applied by J. M. Zhang [30] 
to assess the structural integrity of bolted composite joints. This method could give reasonable 
good predictions on the stress distributions and maximum failure loads. Moreover, the 
formulation requires much less meshing and computing efforts compared to the finite element 
method. Nevertheless, in most of these works of literature, investigations were by finite element 
models. Numerical methods, such as the iterative methods, and inverse methods are described 
by P. P Camanho and F. L. Matthews [25]. The FEA can be computationally expensive, 
especially for multiple fasteners case, high mesh density will be required to have accurate 
estimation on the stresses distribution around the holes [31]. Whereas, if the effect of stacking 
sequence and clamping pressure are considered to be substantial to the analysis, a three 
dimensional analysis is necessary [32].  
 
Different strength prediction methods were 
also compared by P. P. Camanho and F. L. 
Matthews [25], apart from the failure 
theories, which is commonly applied in the 
literature, two-parameter methods, 
combined methods, fracture mechanics 
methods, and progressive damage methods, 
were also used. It was shown that methods 
based on boundary stresses and failure theories could underestimate the joint strength. On the other 
hand, progressive damage methods have proved its advantages of being able to capture the failure 
mechanisms (shown in figure 1-4), failure mode, the direction of failure propagation, and both 
ultimate and residual strengths.  A three-dimensional progressive damage model, which included 
out-of-plane stress components, was later developed by P. P. Camanho et al. [34], which provided a 
reliable method of stress analysis.  
 
Based on these analyses of stress distribution, various improvements to fastened joints have 
been addressed. For instance, a thicker section of the composite laminate can be applied as a 
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reinforced edge to increase the bearing strength. By using multi-lines of bolts to transfer the 
load one can avoid or delay the net-tension failures. One common issue for bolted hybrid joint 
is that loads are not easily redistributed around a stress concentration as composite materials are 
considerably more brittle than isotropic metals; they have less ability to yield. One way to solve 
this is called the softening-strip concept. The approach is to apply a relatively ductile composite 
material such as S-glass-epoxy in line with the bolt rows, right beside each hole to slough the 
load which would ordinarily be concentrated near the hole [33].    
 
In general, it has been shown that mechanical hybrid joints require that fastener holes are drilled 
into the composite which reduced the net cross sectional area of the structure and introduce 
localized stress concentration. The through thickness tensile (peel) and shear stresses could lead to 
ply delamination. Moreover, fastened joints cause a side penalty of adding weight to the structure 
from the additional bolt or rivet. They also pose a risk for corrosion as the moisture could be trapped 
in the crevices inherent in the hybrid joint. In spite of all the defects, mechanical fastened hybrid 
joints are still used when frequently disassembly and reassembly is required or when surface 
preparation is not practical or economical.  
 
1.22 Adhesively Bonded Hybrid Joints:  
 
An adhesively bonded joint can be designed to transfer the load from one piece to another 
without creating a significant stress concentration. Therefore, in principle, adhesive joints can 
be structurally more efficient than mechanical fastened joints because they provide better 
opportunities for eliminating stress concentration. However, as for any novel technology, in 
order to be adopted by industry, there are a number of teething problems which need to be 
resolved before they are used more widely. The main drawbacks of adhesively bonded joints 
are summarised in [35] and listed below: 
 Adhesive hybrid joints have difficulty to be disassembled for replacement of damaged 
structure or to achieve access to underlying structure. 
 The connection performance is proved to be dependent upon surface preparation.  
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 Heat and pressure may be required to cure the adhesive, which can lead to problems of 
residual and thermal stresses. 
 Compared to metals, composite materials have low relative thermal expansion coefficients.  
 Adhesive joints tend to lack structural redundancy, and are highly sensitive to 
manufacturing deficiencies.  
 The connection quality can be affected by a lot factors such as environmental effects, 
ultrasonic and X-ray inspection may be required [35].  
Notwithstanding the above disadvantages, a driving force for the development and continual 
growth of the adhesive hybrid joint market are the many advantages that they offer compared 
with the mechanical fastening method. 
 
Advantages that adhesively bonded joints can offer include: 
 Adhesive joints generally have no adverse effect on the material characteristics of the 
surfaces to be joined in contrast to mechanical joining methods. 
 Adhesive hybrid joint can distribute load over a much wider area, due to the continuous 
nature. Minimal stress concentrations make adhesively bonded hybrid joints have good 
fatigue properties and high structural efficiency.   
 The hybrid adhesive joints provide greater design flexibility. 
 The hybrid adhesive joints also show ability to join thin sheets of material efficiently. 
 Continuous smooth surfaces are achievable with hybrid adhesive joints.  
 Compared to mechanically fastened joints, the weight of the joint is significantly reduced. 
Adhesively bonded joints have been studied by many investigators in different professional 
fields with different methodologies [35-55]. As the adhesive materials are usually weaker than 
the adherends, adhesive bonded joints are mainly designed as shear loaded joints [56]. Many of 
these earlier studies focus on the strength of a lap shear joint bonded with an epoxy adhesive 
layer.  
 
Single and Double Lap Joints 
Adhesively bonded single lap joints were first investigated by O. V. Volkersen in his shear lag 
analysis [36]; one major aspect addressed in his work was the concentration of shear stress at 
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the ends of the overlap, which is a consequence of shear-lag effect caused by differential 
straining in the adherends. Based on O. V. Volkersen’s work, M. Goland and E. Reissner [37] 
includes the effects of the bending moment applied to the joint under tensile loading accounting 
for the eccentricity in the load path. However, the model is valid only for light loads and short 
overlaps. K. Hahn [38] extended on their analysis by including the dissimilar adherends. 
Hart-Smith takes this analysis a step further by taking into account the adhesive plasticity (in 
terms of the elastic - plastic adhesive model was developed initially under - Douglas Irad 
funding between 1968 and 1970) [39-41]. Adams et al analysed the single lap joints with 
different triangular fillet sizes [42] and the results revealed that the increase of fillet size leads 
to considerable decreases of stress at the free end of the adhesive layer by as much as 30% as 
compared to a square edge. This reduction in edge stresses has a significant effect on the overall 
joint strength.  
 
An assumption was made to treat the adhesive layer as infinite, unconnected shear and tensile 
springs in most single-lap joint analysis models [39-42]. Closed-form solutions can then be 
obtained and the maximum adhesive shear stress at the ends of the adhesive layer can also be 
predicted. However, these solutions are incapable of capturing the zero shear stress at the 
termini of the adhesive layer. D. J. Allman [43] attempted to modify the model by keeping the 
beam-theory approximation for the adherends, and considering the adhesive layer as a 2D 
continuum. Although the model ensures exact satisfaction of all conditions of stress equilibrium 
in the joint, including the stress-free surface condition at the ends of an adhesive layer, his 
theoretical prediction of the maximum shear stress location appears to be relative to the 
adherend thickness instead of the adhesive layer thickness. This prediction conflicts with later 
Lin and Lin’s FEA results [44]. In Lin’s finite element analysis, an element, which is based on 
Timoshenko's beam theory, was introduced to represent both the adhesive layer and the 
adherends. Their model illustrated the effects of the thickness of adhesive.  A large number of 
stress distribution analyses were conducted on this topic [45-47], which focuses on the corner 
singularity at the adherend–adhesive interface.  
 
The study of stress distribution at the adhesive layer, and the interface was accompanied by the 
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development of mathematical and numerical models.  More recently (later 20
th
), Frostig et al. 
[48] developed a closed-form higher-order theory (CFHO) for the analysis of adhesively 
bonded joints. The model satisfies continuity in the adhesive layer at the edge of the overlap 
interface. Assumptions were made to derive the governing equations for this model. The 
adherends are linearly elastic composite laminates and the adhesive layer is homogeneous, 
isotropic and linear-elastic. Good agreement was obtained with a comparable finite element 
solution and a Goland and Reissner’s elastic foundation model. On the other hand, different 
special adhesive elements were formulated by investigators [49-51] with the aim to capture the 
main features of stresses in the adhesive layer, through a simple and effective procedure. 
 
Key principles from these studies of adhesive lap joints are concluded [35]:   
 The simple 1-D stress analyses are recommended. 
 Effects of adherend thickness could be considered as a means of ensuring that joint to be 
designed with failure in the adherend rather than the adhesive, so that the adhesive is never 
the weak link. [41] 
 The ductility of adhesives is beneficial in reducing stress peaks in the adhesive. 
 Tapering of adherends can reduce or eliminate peel stresses from the joint. 
 Sufficient overlap length should be provided to ensure that some of the adhesive is so 
lightly loaded that creep cannot occur there, under the most severe extremes of humidity 
and temperature for which the component is to be used.  
 
It is worth noticing that the adhesive 
plasticity and not the length of the 
overlap define the lengths of the 
plastic end zone on the stress 
distribution diagram shown in 
figure 1-5. Hence, the increase of 
the overlap simply moves the plastic 
zone further apart. The maximum 
stresses are not affected. [39] 
Figure 1-5 Geometry and bond stress characteristics in single-lap 
joints. From Hart-Smith [41] 
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Figure 1-7 Adhesive joint geometry effects.          
                              [40] 
   Figure 1-6 Basic adhesively bonded joint types.  
           From Hart-Smith[41] 
 
 
Hart-Smith also concluded that 
single-lap hybrid joints should be 
avoided, since they are so much 
more inefficient than balanced 
joints. Indeed, as he stated [40], ―it 
is obviously hopeless to expect 
that the configurations that are 
simpler and cheaper to build could 
ever sustain high load levels, no 
matter how much quality workmanship was employed in the manufacture‖. Nevertheless, the 
study of single and double lap hybrid joints can be taken as a starting point, which allow the 
parametric study, simple numerical and analytical models to be carried out. 
 
 
Stepped and Scarf Joints 
 
More non-classical adhesively bonded joints 
configurations (shown in figure 1-6) were 
investigated in detail by Hart-Smith. [40-41] [52] 
According to his report [41]; there are three 
major sources of strain concentration. The first 
source is the strain concentration due to adherend 
extensibility. The second source arises from an 
adherend stiffness imbalance. The last is the 
adherend thermal mismatch.  
 
The first one implies that stiffer adherends promote more efficient bonds. However, as the bond 
capacity shows to be proportional to the square root of the adherent thickness for lap joint, it is 
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apparent that double-lap joints are restricted with respect to adherend thickness. This is the 
reason why scarf joint and stepped-lap joints are employed for thicker sections. Therefore it is 
preferable to modify the joint configuration to one of higher efficiency rather than increasing 
the adherend thickness. A chart of the adhesive joint geometry effects was presented by 
Hart-Smith shown in figure 1-7. 
 
For the step and scarf joints, 
the effect of stiffness 
mismatch can be efficiently 
minimized.  The length and 
thickness of the end step was 
shown to be critical for step 
joint design. The strength 
increases associated with 
maximising the number of 
steps in the joint are 
substantial, On the contrary, the stepped lap joints are insensitive to the overall joint length. 
Therefore, high loads can be transferred if sufficiently many short steps of small rise in each 
step are applied, while maintaining adequate overall length of the joint.  
 
Theoretically, the scarf joint can be the most efficient joint geometry; it is designed to transfer 
uniformly the load and eliminate stress concentration. However, practical scarf joints may be 
less durable because of a tendency toward creep failure associated with a uniform distribution 
of shear stress along the length of the joint unless care is taken to avoid letting the adhesive be 
stressed into the nonlinear range. (Shown in figure 1-8) Apart from geometry and material 
effects, the effects of bond layer defects, including surface preparations defects, porosity and 
thickness variations and considerations relating to long term durability of adhesive joints were 
also presented in Hart-Smith’s research work. [35] 
 
These early studies on adhesive bonded hybrid joints have shown that an assessment of both the 
 
Figure 1-8 Joint geometry and adhesive behaviour for bonded scarf 
joint   From Hart-Smith [41] 
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Figure 1-9 Schematic of GLARE
©
. [7] 
stress distribution analysis (particularly the adhesive stresses at the adhesive free ends) and 
static stiffness of the adhesive joints is essential to obtain an optimised design and realistic 
dimension. 
 
1.23 Combined Hybrid Joints:  
 
The combination of bonding and fastening can be used to take the advantages of both methods 
when the connection is properly designed and constructed. Hence, the combined hybrid joints 
generally have better performance than the other two types of joints. The adhesive can reduce 
the usual tendency of a fastened joint to shear out. The mechanical fasten decreases the 
possibility of an adhesive bonded hybrid joint debonding in an interfacial shear mode. In 
general, a combined joint is usually failed either through a section including a fastener when it’s 
subjected to a tension load, or in the composite material as an interlaminar shear failure, or a 
combination of both. [33] 
 
1.3 Hybrid Layered Systems and Metamaterials 
 
Light weight hybrid layered systems, such as Fibre–metal laminates (FML) and sandwich 
panels are recognized as a promising structural concept to industries where high 
stiffness-to-weight and strength-to-weight ratios are in demand. One such industry is the 
defense industry in which high 
intensity dynamic loads such as 
blast or impact are possible loading 
scenarios. FML is usually made of 
stacked arrangements of metal alloy 
and fibre reinforced composite 
layers. Figure 1-9 shows an example of 
FML studied by Langdon et al [7]. 
Another type of hybrid layered system is the conventional composite sandwich panel, which is 
a layered structure consisting of two thin high-strength stiff face sheets separated by a 
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low-density, thick core. The face sheets, usually made of metal or laminated composites, 
provide the primary flexural load carrying elements while the core bonded to skins serves as a 
shear resisting element and transfers the load between the facings. High strength, bending 
rigidity and light weight are the main advantages of the conventional sandwich panels. More 
details of the recent research have been carried out on studying sandwich panels are reviewed 
in Chapter 6.   
 
More recently, a new hybrid system called metamaterial has been studied and developed, and it 
shows a great potential in military field. While there is no consensus on the definition of a 
metamaterial, it is generally regarded as a material with an artificial microstructure which can 
offer certain beneficial effects when wave propagation is relevant. Ubiquitous in the realm of 
electromagnetism (see e.g. [53-56]), metamaterials have started to receive attention in the fields 
of acoustics and applied mechanics [57-62]. Metamaterials are the subject of some 
contemporary research due to the properties which distinguish them from natural materials. 
One such property, particularly of interest in acoustic applications, is the possibility to achieve 
negative mass density and elastic modulus [63] in the strict sense of the effective medium 
theory [58]. This is similar to the negative refractive index in metamaterials [55 64]. The 
existence of a band gap, i.e. an interval of frequencies in which mechanical/electromagnetic 
waves cannot propagate, is a direct consequence of this property and is of interest to engineers 
designing devices. Practical applications of such devices encompass mechanical filters, 
vibration isolators, and acoustic waveguides [65 66]. More exhaustive review is given in 
Chapter 7.   
 
1.4 Objective of the Present Work 
 
Considerable effort has been devoted into the design and analysis of hybrid systems. However, 
most previously presented works of literature have focused on the performance of the hybrid 
systems under static load conditions. In order to increase the application and improve the 
performance of the hybrid structures in military and civilian applications, the behaviour of these 
systems under high dynamic loading conditions must be investigated, improved and validated. 
This becomes the main objective of this research. 
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Based on the literature review, which summarises much of the research which has been 
contributed into this field, several selected types of hybrid systems including (1) hybrid joints, 
such as perforated joints, Comeld
TM
 joints; (2) hybrid layered systems, and (3) the novel 
metamaterials have been investigated. Analytical, numerical and experimental tests have been 
dedicated to analyse the structural behaviour of these hybrid systems under high dynamic 
loading, in order to understand and estimate the dynamic behavior of these novel hybrid 
systems. The results of this research study should contribute to a better understanding of 
currently growing demand in high strength, light weight, reliable hybrid systems in civilian and 
military industries.  
 
For numerical modeling the commercial finite element analysis package ABAQUS 6.7-1 and 
6.9-1 are used to simulate the structural response of the hybrid system under impulsive loading, 
and experimental tests will be followed as a confirmation. Specifically, attentions are going to 
be paid to the stress distribution and failure mechanisms. For frequency analysis, super-element 
and standard FE elements are formulated by using MATLAB 2007 in conjunction with the 
Floquet-Bloch’s principle and band structure theory, which are discussed in Chapter 3. 
 
1.5 Scope and Outline of the Thesis 
 
This thesis is organised into eight chapters: 
 
Chapter 2 presents a brief overview of the most relevant literature, which provides information 
on the related theories, methodologies and outlines the research that was devoted into this field. 
Different ways of optimisation of the hybrid system have been elucidated, compared, and 
investigated. In order to avoid redundancy, those parts of the relevant literature that are 
included within the chapters where they are of immediate use are not dealt with in this chapter.  
 
Chapter 3 reviews the literature related to Floquet-Bloch’s principle and band structure theory 
shows a frequency analysis of a heterogeneous perforated panel. A case study and a 
super-element formulation based band structure frequency analysis are covered in detail 
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through this chapter. 
 
Chapter 4 includes the results of numerical finite element analyses conducted on a sandwich 
panel with a base designed hybrid joint. The numerical outputs have been presented and 
compared with the full scales experimental results.  
 
Chapter 5 reviews the literature related to third-order shear deformation theory, and the theory 
has been applied to look into the forced and free vibration of a circular sandwich panel with 
axisymmetric architecture subjected to a pulse loading of arbitrary temporal and spatially 
uniform distribution. The model has been validated with the FE numerical results. 
 
Chapter 6 includes the numerical study of dynamic response of sandwich panels with different 
core set-ups subject to global and local blast loadings. The conclusions are confirmed and 
explained by using a qualitative 2DoF system with an elastic-viscoelastic spring element 
representing the sacrificial additional core inter-layers and a nonlinear spring representing the 
stiffness of the conventional sandwich system and comparing the results of dynamic analysis 
with a similar qualitative SDoF model of a conventional sandwich panel. 
 
Chapter 7 reviews the literature related to metamaterials, and presents investigation of the band 
structure and the associated frequency filtering phenomenon in two-dimensional (2D) 
anisotropic metamaterials. The metamaterial encompasses locally resonant mass-in-mass units 
buried in a massless soft matrix of a dissimilar material. The problem of wave propagation in 
the resulted 2D lattice is formulated in the most general form and the equations of motion are 
derived by the application of Hamilton’s principle. 
 
Chapter 8 concludes the present study and makes suggestions for further study. 
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CHAPTER 2  
LITERATURE REVIEW 
 
2.1 Introduction 
 
The demand for high strength-to-weight ratio, highly blast resistant structures in military 
applications has provided the impetus for the research and development of new, improved 
hybrid systems. The purpose of this Chapter is to provide an overview of recent research works 
on design and structural analysis of hybrid systems, in particular hybrid joints, with emphasis 
given to the new developed technology and improved design. A review of the hybrid layered 
systems and matematerial is given in Chapter 5 and 7, respectively. 
 
The first part of this Chapter (section 2.2) discusses four main veins through which 
improvements to hybrid joints are achieved through optimising the configuration, reducing the 
stiffness mismatch, surface treatment on joint’s interface and others manufacturing alternating. 
It provides a comparison of different types of hybrid joint, and summarises the main design 
parameters. The second part of this Chapter (section 2.6-2.8) explains the blast loading 
condition, the cohesive element, and one of the material subroutines which have been applied in 
several projects carried out in this research. 
 
2.2 Improvement to Hybrid Joints by Configuration Optimisation 
 
Generally, geometrical configuration and performance demands on the joint depend upon the 
specific requirements of each structural system. The two principal structural topologies used in 
maritime structures are top-hat stiffened (or monocoque) single skin and sandwich 
configurations.  Joints in both single skin and sandwich structures can be divided into two 
basic types; namely in-plane and out-plane joints. The typical in-plane joint i.e. the base design 
joint and the typical out-of-plate i.e. the T-joint and tophat joint have been investigated and 
improved by a number of researchers in the last decade. The relevant literature examples are 
discussed in the following text: 
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Table 2-1 Summary of the joint concepts. [3]  
2.2.1 Base Design Hybrid Joints (Over-laminated in-plane Joint) 
 
The concept of the hybrid joint applied on the French La Fayette frigate [1-2] (shown in Figure 
2 -1B) was developed from one of the selected concepts (listed in Table 2-1) from a large 
number of ideas addressed by M. Hildebrand and M. Hentinen [1] for further evaluation of the 
geometry, adhesive, strength, labour and material costs. In brief, the joint consists of a steel 
insert within a GRP/balsawood core sandwich.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2-1 Type of assembly of BD hybrid joint [2] 
B A 
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M. Hildebrand et al [1] conducted a two-dimensional (plane strain) 
analyses, which allows for both geometrical and material 
non-linearities. The stress distribution results of the base design 
(BD) joint (shown in figure 2-2) indicate the critical stress 
concentration area. The author emphasises when comparing the 
base design joint concept with a similar bolted joint alternative, 
which is currently applied in shipbuilding, the numerical analyses and experiments confirm that 
the static strength of the base design joint is much higher. Additionally, their base design joint 
concept [1] is more cost effective, reducing the manufacturing costs during the assembly by as 
much as 50%.  
 
This base design joint has been investigated and optimised by several researchers. The 
qualification of the base design joint was presented in [2]. The aptitude of the base design joint 
to transfer dynamic loading was checked by mechanical fatigue test, thermal cycle test, and 
underwater explosion test. Not only the excellent performance of the base design joint was 
substantiated, but also the configuration was optimised by adjusting the size of the steel plate 
inserted in the composite structure.  
 
Wright et al. [3] conducted FE numerical and experimental test on two types of symmetric and 
asymmetric base design joint, which are shown in figure 2-3, under static axial, bending, 
monotonic load and cyclic loading. [2-3] 
  
 
 
 
 
 
 
 
Figure 2-2 Critical areas 
of the base design joint 
Type A 
            Figure 2-3 Symmetric and asymmetric base design joints. [3] 
Type B Type A 
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From the comparison of peak stresses, a conclusion can be reached that geometric symmetry is 
to be preferred in the hybrid base design joint, however, in some particular applications; the 
requirement for a flush outer surface for stealth may necessitate the adoption of an asymmetric 
connection.  Their results also demonstrate that type A provides better structural performance 
than the existing type B [4]. Typical factors such as the thickness of the adhesive layer, the fillet 
at the open end bondlines, and the edge preparation were considered and proved to be important 
factors affecting mechanical strength. The author suggested that the influence of asymmetry can 
be minimized through increasing the transition zone length and incorporating additional 
reinforcememt to offset the asymmetry. The interface on type A joint were found to be the 
weakest point of the connection. In addition, the fatigue test results showed excellent 
consistency with the relevant static tests, which indicate good dynamic strength potential of the 
base design joint. 
  
The effects of post-cure temperature and surface 
preparation on the GRP-steel interface were 
evaluated through the use of the four-point bend 
delamination test by Clifford et al [5]. The failure 
mode shown in figure 2-4 was determined through 
mechanical testing. The author emphasised the 
properties of interface are critical to the performance 
of hybrid joint, especially for co-cured joints. 
Post-cure temperature effects and fracture mechanics 
were also investigated. The study shows, by simply 
increasing the length of the steel insert or replacing 
the core material could relocate or minimize the 
stress concentration. Therefore the failure was progressive rather than sudden which is a 
significant improvement of joint performance.  
 
 
 
Figure 2-4 Schematic of the failure 
mode observed in loading the Type a, b, 
c Base design joint. . [5] 
Steel-balsa interface 
Steel yield 
Skin failure 
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Figure 5 Fractured surface of base design joint 
under shock load. [63] 
Based on Clifford et al.’s work [5], the joint was 
re-designed, manufactured and tested by Cao and 
Grenestedt [6]. By moving the edge of the steel 
30mm further away from the area of high stress 
concentrations in the joint, (shown in figure 2-5, 
2-6), the new joint was 95g lighter, which 
corresponds to a 1.9 kg reduction in weight for 
each meter width of the joint. Through the 
limited number of tests, it was shown the failure 
modes were the same as those of from Clifford 
et al. [5] However, the average load at failure 
initiation of the new joint specimens was 13% 
higher than Clifford et al’s results. Since there are 
high standard deviations, the suggestion that the 
new lighter base design joint can be stronger 
could not be convincing.  
 
Different aspects of the base design joint (type B) have been investigated with different aspect 
in the European Cooperation for the Long term In Defence (EUCLID) Project which was 
organized by the Western European Armaments Organisation. The characteristics of interface 
were obtained by various test methods such as light microscopy, electron microscopy and 
physical chemical analysis. The results are recorded in TNO report [7]. The dominated stress 
phase can be seen from the observation of fractured interface, (shown in figure 2-7). In the light 
of fracture mechanics, it can be anticipated that surface treatment at the interface could improve 
the base design structural behaviour of hybrid joints under shock loading. This is going to be 
discussed in section 2.4. 
 
 
 
 
Figure 2-5 BD joint designs of Clifford et al. [5] 
Figure 2-6 The new BD joint design. The steel 
insert was 30 mm shorter than that of Clifford’s 
joint. [6] 
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A large amount of numerical and experimental works was carried out in the comprehensive new 
design testing phase of the EUCLID projects [8- 11]. Both quasi static and dynamic tests have 
been conducted by using the shake table in QinetiQ Roysth to assess load rate effects on the 
base design joint [9]. Results are showing that failure was not achieved in the acceleration 
phase, only in the deceleration phase. Failure initiated as a Mode II (shear) crack on the 
steel-laminate interface at the top of the steel strip on the straight specimen side, which is the  
maximum stiffness mismatch region, where the high stress concentration was anticipated. The 
average dynamic compressive strength of the base design joint is 840 kN/m, which is around 20% 
lower than the average static compressive strength (1070 kN/m). Effects of strain rate on joint 
strength were not significant. The key points of the optimised design were recorded in the 
technical report [10] listed below: 
 Bullnose radius on steel with an approximate radius of 3mm 
 Additional plies of CSM around the tip of the steel and core material 
 Modified bond/taper length 
 Hardwood wedge length = 175mm (as opposed to 120mm on BD) 
 FRP/Steel bondline length = 185mm (as opposed to 240mm on BD) 
 Application of an external CFRP patch on inside of the joint 
 Use of slotted holes in steel filled with CSM 
 
S.W. Boyd et al. [12] applied the Genetic algorithms formed optimisation methodology to 
Area 
a) 
Fracture surface with hardly any reisn 
Failure mode II (Shear) 
b) Fracture surface on which a layer of resin left 
Failure mode I (Peel) 
c) 
 
Non-bonded zone which was pre-treated in 
excess with a resin layer for the bonding 
d) Non-treated steel 
              Figure 2-7 Fractured surface of base design joint under shock load. [7] 
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Figure 2-8 T-joint design variables [16] 
investigate geometric design changes to the base design joint. The input variables chosen for 
this parametric study were: adhesive thickness, GRP skin thickness, balsawood core thickness, 
steel thickness, GRP/steel bond length and taper length, the only fixed geometric variables were 
the length of the steel upstand and the overall length of the joint. In this study, three joint 
characteristics were considered to be the important output for judging the performance of the 
joint. They are: weight, stress (Von Mises) and stiffness. FEA was used to study the stress 
distribution. A multi-objective approach was also applied with the weighting functions of 0.6, 
0.3, and 0.1 for the output: weight, stress and stiffness, respectively (stiffness was considered 
the least important). Some optimised design suggestions were presented. (Shown in Table 2-2)  
 
 
2.2.2 T - Joints and Top-hat Stiffener   
 
The laminated T-joint and the frame-to-shell 
connection are typical out-of-plane hybrid 
joints. The T-joint consists of composite 
overlaminates to form a large fillet. It can be 
applied to transmit flexural, shear and tensile 
loads between two orthogonally placed plate 
panels, such as deck-to-bulkhead, 
shell-to-bulkhead and floor-to-tank top. The 
configurations of the T-Joint can be classified as single skin T-joint [13] and sandwich T-joint 
[14, 15]. The main geometry parameters were studied numerically and experimentally are 
shown in figure 2-8. P. Junhou and R. A. Shenoi [16] concluded that the geometry and material 
Table 2-2 Results from the GA optimization of the BD joint [12] 
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property do affect the structural behaviour of laminated T-joints. 
 
The structural behaviour of T-Joint was also extensively studied in EUCLID projects[17,18]. 
One lightweight T-joint was designed and investigated by H. Toftegaad et al. [17]. The joint 
was designed without overlaminates, and it is joined by two triangular PVC foam fillets with 
filler. This reduced the weight by 60%.  
 
The other common out-of-plane hybrid joint is the 
frame-to-shell connection, which is a type of joint 
mainly employs top-hat stiffeners. The behaviour of 
the top-hat stiffener joint is similar to the T-joint, it is 
susceptible to failure by peel or delamination well 
before the ultimate in-plane material stress is reached 
because of a lack of continuity of reinforcing fibres 
across the joint [16], Moreover, it shows sensitivity to 
material imperfections such as voids and to detailed changes in geometry in the laminate, since 
the structural behaviour of the top-hat stiffener joint is highly dependent on interlaminar 
properties. 
 
The top-hat joints have been studied by R. A. Shenoi and G. L. Hawkins [20] using numerical 
methods to identify key variables that control and govern the transfer of load from the panel to 
the stiffener and vice versa (shown in figure 2-9). From their study, it shows that gap size and 
backfill angle are not critical design parameters to the performance of the joint. On the other 
hand, increasing fillet radius and reducing overlaminate thickness can overcome the problems 
of delamination in the overlaminate by reducing through-thickness stresses. Based on the early 
experimental and numerical study, H. J. Phillips et al. [21] also investigated the damage 
tolerance of a top-hat stiffener to plate connection. It has been shown that the delamination 
prone areas in top-hat stiffeners are located in the curved region of the overlaminate close to the 
outer surface. 
 
Figure 2-9 Design variables considered  
         for top-hat stiffeners [19] 
Fillet Radius Backfill Angle 
Overlaminate 
thickness 
Gap 
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Figure 2-10 Functional principle of the new 
peel-stopper. In (a) a sandwich with a peeling 
crack is seen, and in (b) the crack has reached the 
peel stopper and the cracked skin has been 
released from the sandwich. [24] 
2.2.3 Peel Stop Device   
One of the main challenges in improving the performance of hybrid joints is to reduce or 
remove the stress concentration. As it shows the stress concentration regions usually appear at 
the edges of the interface between the adhesive layer and the adherend, even in designs with 
tapered adherend and adhesive fillets, which is experimentally demonstrated by Adams et al 
[22].  The low shear and peel strengths of the adhesive layer could hence limit the strength of 
the joint. The premature failure of the outer plies could also lead to poor joint efficiencies. By 
applying suitable contouring of the leading edges or by using the local creep and other inelastic 
deformation of the adhesive, the local stresses could be reduced. For instance, long overlaps 
and simplified design procedures have been recommended in Hart-Smith’s report [23]. In such 
a way, the middle region of the adhesive layer could be ensured to behaviour in elastic zone to 
help in reversing the inelastic strains after unloading. However, instead of adhesive failure 
under peeling stress, the joint could fail by the delamination of the surface plies and pullout of 
the adherends. Also, inconvenient joint length could lead to various construction difficulties. 
Several solutions were proposed, e.g. one novel peel-stopper device was designed by J L 
Grenestedt [24]. Two kinds of quasi-static tests were performed on beams with two different 
peel-stoppers (shown in figure 2-10 and 2-11), the functionality of the device was verified, and 
the structural strength of the beam was checked under different loading conditions. The 
conclusion was drawn that a panel joint beam combined with a peel-stopper was as strong as 
beams without peel-stoppers under bending dominated loads. However, the ones with a 
peel-stopper were not as strong as beams without peel-stoppers subjected to shear dominated 
loads. Therefore, the location of peel-stoppers was limited in the region where shear stress 
concentration is not critical.  
Figure 2-11 Schematic of the combined peel-stopper 
and joint. [24] 
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Figure 2-12 Steel to laminate tongue-and-groove joint (plan view). 
[25] 
 
2.2.4 Tongue & Groove (T&G) Joints   
 
Another solution to avoid stress concentration caused Mode I peeling failure is to apply stepped 
joint which has been described in the previous section 1.22 in Chapter 1; it could minimise but 
not eliminate the stress concentration entirely by distributing the contact surfaces through the 
thickness of the adherends. A concept was developed from the stepped joint. By contouring the 
joint in a T&G geometry along the minor in-plane axis (x2 axis) and extending the bondline 
through the thickness, instead of stepping through the thickness of the plane (x3 axis) (show in 
figure 2-12).  
 
 
 
 
 
 
 
 
 
 
 
 
 
The joint is capable of translating in-plane tensile stresses to in-plane shear and normal stresses 
through bonded inserts or interlocking interfaces, instead of out-of-plane shearing of the surface 
piles. The initial concept of this modified load-transfer mechanism, which can be suitable for 
any adherend thickness and also for multilayer sandwich sections, was proposed by Y. A. 
Bahei-El-Din and G. J.Dvorak [25]. This T&G joint was then developed and investigated by 
several researchers [26-29]. G. J. Dvorak et al [27] numerically and experimentally investigated 
the joint and their results indicated that sufficiently long (200-300 mm) tongues and spacing of 
the adhesive layers across plate width give optimum joint configuration which ensures failure 
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takes place at the root of the tongues and not in the adhesive. This simple design rule was 
predicted to be able to give the T&G in any thickness the efficiency as high as 60%, however, 
all these are based on static load conditions.  
 
2.3 Improvement to Hybrid Joints by Reducing Stiffness Mismatch  
 
Metal-to-composite joints are to provide structural integrity of a hybrid structure and to 
transmit operational loads between the two sets of structural members meeting at the joint. As 
discussed earlier, one of the major challenges is to abate elastic and impedance mismatch 
between composite and steel, hence, reduce and ease stress concentration. Indeed, as 
Hart-Smith concluded that the most sensitive factor in designing joints between dissimilar 
materials is the need of adherend stiffness balance over the entire length of the joint [23]. 
Considerable effort has been devoted to designing hybrid joints capable of minimising the 
stiffness mismatch effect. Two optimised hybrid joints: the co-cured step joints and the 
perforation joints are reviewed in this section. 
 
2.3.1 Co-cured Step Joints   
 
Research on co-cured stepped-lap hybrid joint was conducted by S. M. Graham et al [30]. 
Various asymmetric stepped-lap joints loaded in tension were tested numerically and 
experimentally. From the numerical test results of joints with uniform steps of various lengths, 
the authors showed that joint strength will increase as step length increases until to a certain 
length (in this case close to 12.7 mm), which corresponds to a step length to ply thickness ratio 
(L/t) of 10. This agrees with the conclusions drawn by Hart-Smith [23]. The total force 
transmitted through the joint is related to the integral of the shear stress over the surface area of 
the fibres. Therefore, the stresses will rise as the step length decreases. The author concluded 
that for long step lengths (greater than 25.4 mm), the first step carries most of the load. On the 
contrary, for short steps (less than 3.18 mm) the load is divided almost equally. However, 
results from tensile tests of stepped-lap joints indicate that tensile strength correlates with 
average shear stress and the strength decreases linearly as the step length increases. The 
difference between numerical and experimental results indicates that strength of hybrid 
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Steel 
E-Glass 
Max 
E-Glass 
Steel 
Glass over-ply 
Figure 2-13 Axial stress distribution of co-cured hybrid joints [30] 
(a) 5-ply asymmetric joint with 12.7 mm step length  (b) An optimized design of a joint with a glass overply 
co-cured joints cannot be predicted based on peak values of stress. 
 
 
 
 
Furthermore, speedily decreasing axial stress in the glass fibers through the steps and high 
shear stresses at the end of each steel fiber can be seen from the axial stress distribution plot 
(shown in figure 2-13-a). This indicates the steel layers with higher stiffness pick up load very 
quickly. Thereby, the joint bows toward the lower stiffness adherend. There is a gradual load 
transfer, with each step picking up progressively more load. The largest axial stress occurs in 
the outer-most extruded steel fiber, where the combination of stiffness mismatch and bending 
causes stress concentration adjacent to the resin gap below it. Tests results [31] showed failure 
initiates in the resin gap at the end of the outermost extruded steel fiber and progresses in the 
resin following the steps of the joint.  An optimized design of a joint with a glass overply 
(shown in figure 2-13-b) was given to reduce the stress and strain in the resin at the critical 
location for initiation of failure. This design was proved to be able to decrease the maximum 
principal stress in the gap by 34%. 
 
S. M. Graham and R. M. Crane also studied the 
influence of joint geometry on tensile strength of 
co-cured symmetric stepped-lap joints [31, 32] 
(shown in figure 2-14). In such co-cured 
symmetric stepped hybrid joints, it is better to 
have the higher stiffness adherend extended. As 
discussed earlier, the higher stiffness adherend could pick up the load quicker, hence the joint 
will be more efficient if the loads are being transferred though the higher strength plies. In such 
co-cured symmetric stepped joint, less stress will be distributed to the outer resin gaps at the 
 
 
 
 
Figure 2-14 Symmetric stepped-lap joints with 
(a) steel centre plies extended, and (b) glass [31] 
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  Figure 2-16:  Plan view of a perforated plate [33] 
butted ends of the fibres. This implies that increasing the load transferred to the centre ply 
decreases the load carried by the outer plies and increases strength. It was proved that this 
simple change reduces the maximum axial stress in the glass plies by 10% and in the resin gaps 
by 24%. It shows that the gaps have a stress concentration effect on the adjacent plies or fibers.  
 
2.3.2 Perforated Joints  
 
Apart from previously discussed stepped joints, and scarf joints, there is another novel 
improvement which can be done to decrease the average stiffness and impedance of the 
combined section of the hybrid joint, hence, reducing the stiffness mismatch. That is the 
perforated joint, which is by introducing perforations to decrease the stiffness of the part with 
higher stiffness. 
 
The concept of applying perforations to the metal part of hybrid joints was first introduced by  
H. Unden. [33] (shown in figure 2-15, 2-16) The original purpose of the introduction of 
perforations is to increase the cohesion between armature plain metal plates and adjacent layers 
of fibre-reinforced plastic matrix, hence improving the transfer of load into fibre-reinforced 
plastic part. Apart from the benefit of mechanical interlocking, the perforated steel plate is also 
believed to decrease the elastic mismatch between the stiff steel and the relatively compliant 
fibre reinforced composite, which is advantageous when dynamic loading is involved. 
 
By a reducing the spacing between the holes 
in the direction away from the edge of the 
adherend, a gradual transition between the 
higher stiffness of the metal and the lower 
stiffness of the adjacent laminate can be 
Figure 2-15: Section side view of a perforated hybrid joint            [33] 
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achieved. This design was further investigated and improved by J. L. Grenestedt. et al [34-35]. 
 
Through the comparison of various levels of surface preparations, perforation fillers, and 
number of perforations, it is proved that the reduced elastic mismatch and mechanical 
interlocking did contribute to the strength increase of the hybrid joints. Under static tensile load 
circumstances, the shape of the perforation did not show any effects on the strength of the 
hybrid joint. Their experimental data revealed that the joint with perforations had highest 
strength when it comprised 7-9 rows of holes. [34] This nominally optimally perforated strips 
yielded 25-30% higher than their non-perforated counterparts. However, most of the recent 
works are focused on perforated joints under static loads. The perforated joint was primarily 
used to improve the mechanical interlock, and reduce the stress concentration owing to stiffness 
mismatch.  
 
2.4 Improvement to Hybrid Joints by Surface Treatment on Joint’s Interface 
 
The interface of a hybrid joint is critical to its joint design; various surface treatment techniques 
have been developed and studied in the past decades [36-38]. Since for adhesively bonded 
hybrid joints, the bonded region must always be stronger than the adherends [39], joints with 
good surface treatment always fail in the adherends rather than in the adhesive layer or the 
adhesive-adherend interface, hence, the strength of the adhesively bonded joint is normally 
determined by the adherends, especially, the GRP laminate. The alumina gxit-blasting 
procedure and phosphoric acid gel anodising procedure are conventional surface treatment 
approaches. The former is a degreasing /mechanical abrasion technique which gives good 
initial joint strength; the latter is a chemical pretreatment which is required to ensure long 
service life [37]. A layer of resin-impregnated fibreglass mat reinforcement is also 
recommended that is placed between the joining surfaces, since this acts as the adhesive carrier 
and as reinforcement in the manual of Gibbs and Cox [40]. Apart from the methods mentioned 
hereinbefore, recently, two novel hybrid joints with new surface treatment technology: the 
Z-pinning and Tufting joints and the Comeld
TM
 joints have been developed, their main features 
are summarised here. 
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2.4.1 Z-pinning and Tufting Joints  
 
As mentioned in Section 2.2, 
out-of-plane-joints such as T joints and 
top-hat stiffener joints are susceptible to 
failure by peel or delamination well before 
the ultimate in-plane material stress is 
reached because of a lack of continuity of 
reinforcing fibres across the joint.  
Recently, the Carbon fibre/epoxy 
T-stiffener-to-skin joint was invented and investigated [41] (Shown in figure 2-17). The joint 
was reinforced through the out plane axis. This is achieved either by insertion of Z-Fiber before 
autoclave cure of prepreg or by tufting of dry preform with a glass thread before resin injection 
and cure. Pull-off resistance of the optimized joints increased significantly for T-joints under 
both quasi-static and fatigue loading conditions. The Z-pin failure mode was similar to the 
pullout of a nail from a structure. The energy absorbing phenomenon was friction of the Z-pins 
sliding out of its socket. In contrast, the glass thread tufts tended to act as a closed staple, not 
allowing any opening displacement. The failure mode of the joint was changed to flexural 
bending mode. In the case of the tufted joints, the delamination between the skin and the 
stiffener stopped completely and the specimen failed in bending. [42] 
 
2.4.2 Comeld 
TM
 Joints   
 
Since composite materials manifest little plastic deformation, high strain levels could induce 
cracks in the matrix and lead to debonding and a loss in structural integrity. The hybrid joints 
could allow the plastic deformation being developed in the metal side, hence, absorb the blast 
energy and protect the structure. Based on this concept, TWI has developed Comeld
TM
, a 
proprietary material surface treatment technique and joining process which offers the potential 
for joints to be made between fibre reinforced plastic (FRP) composite materials and metals, 
with enhanced performance. [43] 
Figure 2-17 Schematic of the Z-Fiber insertion 
process [41] 
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Comeld
TM
 is the application of a proprietary material surface treatment technique called 
Surfi-Sculpt. This technique uses a power electron beam to create protrusions (known as 
'proggles') and cavities in the metal onto which the composite is laid and cured, forming the 
Comeld
TM
 hybrid joint. (Shown in figure 2-18) This technology can be applied to the 
connection interface of any of the previously discussed joints. 
 
 
 
 
 
 
 
 
 
 
The tensile testing results show that the Comeld
TM
 joints failed at a much higher load and 
absorbed three times as much energy as the control specimens prior to failure. The Comeld
TM
 
specimens also failed in a more gradual manner than the sudden failure seen in control joints. 
This could have benefits in terms of in-service detection of deterioration in a structure before 
failure occurs. Clearly, Comeld
TM
 technologies have high potential to improve the hybrid joints 
performance. Dynamic experimental and numerical studies are required to estimate and 
empolder its value to hybrid joints. 
2.5 Improvement to Hybrid Joints by Other Methods  
 
Apart from the previously summarized methods, there are some other approaches addressed in the 
literature which could be applied to optimise the hybrid joints. Most of these are attributed to the 
improvement of material properties. For example, a standard resin with fracture toughness G1C, say, 
172 J/m
2 
can be replaced by a special resin with G1C around 1074 J/m
2
. The peel resistance could be 
Figure 2-18 Examples of Surfi-Sculpt treatment on metal [43] 
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significantly increased [44]. Accordingly, the hybrid joint’s properties such as impact and fatigue 
resistance are going to be improved. However, not only structure properties, some other factors may 
also need to be considered. For instance, vinyl esters are used for their durability and resistance to 
chemical attack but are more expensive. Phenolic resins are now being considered, because they 
produce little or no smoke or toxic gas, but have slightly poorer mechanical properties than 
conventional resins. Using carbon fibre reinforcement may provide further savings in hull weight, 
but carbon fibres are at least five times more expensive than glass fibres, which has limited their use 
in large naval composite structures. [45]  
 
As these examples are showing, through the method of replacing adherend or adhesive materials, 
one is able to improve the overall performance of hybrid joints, however, this is not on which the 
current research is focused.  Nevertheless, it is worth to noting that the type, amount and 
orientation of the fibre reinforcement in a ply determine its mechanical properties, which can 
provide many design opportunities to suit a specific application. 
 
2.6 Blast Load 
 
When there is a rapid release of energy after a chemical, mechanical or nuclear explosion, the 
word ―blast‖ is often used to define such an event. The principal mechanisms causing blasts 
depends upon the source of blast. The study of the features of explosion overpressures caused 
by mechanical or nuclear sources falls beyond the scope of the present study. For chemical 
reactions, explosives can either detonate or deflagrate [46]. Detonation processes such as the 
TNT type pressure time-history; and deflagration processes, which are much slower with a 
finite rise time in the pressure time-history as a gas explosion. (shown in figure 2-19) 
 
In the case of a detonation, the explosion create shock wave, which has a speed that exceeds the 
speed of sound, and a shock front is propagated from the burst point which shatters objects on 
its way. An example of this type is TNT detonation. The oxygen required for the reaction is 
contained within the explosive charge so there is no need to exposure of the explosive to air. 
Thus, in the overpressure time-history diagram, rise time to maximum load is not considered. 
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TNT detonation pressure time history 
On the other hand, in a deflagration process, the wave speed is less than the speed of sound and 
the reaction needs oxygen from air which substantiates finite rise time to maximum 
overpressure. A gas explosion at a top side module of an offshore structure is shown in figure 
2-19 as an instance. Deflagration processes are of lower peak, longer duration and finite rise 
time to maximum overpressure compared to detonation processes. The duration of load 
comprises the positive and negative phase duration, the former one being important in 
determination of loading regime.  
  
As for the spatial distribution of blast loads, different forms can be imagined. On one hand, 
blast loading spatial distribution can be accurately modelled by using computational fluid 
dynamics methods (CFD methods) [47]. More often, gas explosion loading are statistically 
modelled as triangular-shaped loading temporally. TN5 (1999) [48] requires that the time 
corresponding to 10 percent of maximum pressure be taken as initiation of loading. Joining 
this point to the peak and the peak to the point where positive phase finishes forms the 
triangle. The parameters that define the blast loading are maximum overpressure Pmax, 
pressure rise time tr and duration td. Table 2-3 gives a brief description of each regime as a 
function of ratio of positive phase td duration to natural period Tn of the first mode as well 
as important parameters in each regime. As it shows, the way each parameter affects the 
response is dependent upon the regime of loading. 
Figure 2-19 Schematic of temporal distribution of blast loads  
from TNT detonation and Gas explosion [46] 
TNT detonation pressure time history in the 
far-field only 
Gas explosion pressure time history 
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Loading Regime Impulsive  
  
  
      Dynamic      
  
  
    Quasi-static  
  
  
    
Maximum 
Pressure 
Preserving the exact 
peak value is not critical  
Preserving peak value is critical-increase/decrease 
in this quantity will result in a similar 
increase/decrease in response.  
Impulse  
Accurate representation 
of impulse is important  
Accurate representation of impulse is not critical  
Rise time  
Preserving rise time is 
not important  
Preserving rise time is very important, not doing so 
can significantly affect the response  
 
The triangular loading shape is only an idealization and the real loading is of more 
complicated nature. As mentioned before the temporal distribution of gas explosion load is 
triangular while the spatial distribution is assumed uniform. This assumption is in 
reasonable correlation with experimental results and is thus adopted by researchers [50, 
51]. 
 
2.7 Cohesive Element 
 
To capture the debonding failure in hybrid structures, the cohesive elements are often used as 
the interface between the core and faces. For this purpose the built-in capability of cohesive 
modelling in ABAQUS has been used and the direct traction vs. separation formulation adopted 
since the thickness of the layer is small enough to render the variation of stress through the 
thickness negligible. This constitutive relation relates cohesive traction to modal displacement 
discontinuities in the process zone in the vicinity of the crack tip. Crack initiation is modeled 
using the following quadratic nominal stress criterion: 
 
 
  
  
  
 
  
  
  
  
 
  
  
  
  
 
                                                                                                                    
where   
     
 , and   
  represent the peak values of the nominal stress when the deformation is 
either purely normal to the interface or purely in the first or the second shear direction, 
respectively [52]. The denominator in each term represents the failure traction in a single mode 
Table 2-3: Definition of loading regimes as a function of relative 
positive phase duration [49] 
relative positive phase duration (British Gas
7 
(ERS) (1991)) 
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Linear damage evolution 
and the numerator the value of corresponding present traction.  
 
Crack propagation is based on the concept of fracture toughness which has roots in fracture 
mechanics.  Modal fracture energies are defined based on the equation (2-2) and figure 2-20: 
 
     
   
 
                                                                                                                                             
 
The evolution of damage is defined by two components. The first component involves 
specifying either the effective displacement at complete failure, δi
f
 relative to the effective 
displacement at the initiation of damage, δi
o
; or the energy dissipated due to failure, Gc 
 
 
 
 
 
 
 
 
The second component is the specification of the nature of the evolution of the damage 
variable, D, between initiation of damage and final failure.  
 
The dependence of fracture energy on the mode-mixed response is defined on the basis of a 
quadratic power law damage evolution criterion which is given by: 
 
  
  
  
 
  
  
  
  
 
  
  
  
  
 
                                                                                                                    
 
Figure 2-20: Linear damage evolution [52] 
traction 
separation 
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Numerators and denominators of this equation are similarly defined. These are shown in figure 
2-21:  
 
 
This figure shows the traction on the vertical axis and the normal and the shear displacement 
along the two horizontal axes. The pink and blue shaded triangles in the two vertical coordinate 
planes represent the response under pure shear deformation and pure normal, respectively. All 
intermediate vertical planes, e.g. the dark shaded one in Figure 2-21 (that contain the vertical 
axis) represent the damage response under mixed mode conditions with different mode mixes. 
The dependence of the damage evolution data on the mode mix can be defined either in tabular 
form or, in the case of an energy-based definition, analytically. [52] In this study, the cohesive 
three-dimensional 8 nodes elements (COH3D8) have been applied to simulate the adhesive 
layers in finite element models. 
 
 
2.8 VUMAT Subroutine for modeling Balsa wood 
 
Due to the fact that no built-in constitutive model in ABAQUS can simulate balsawood, a 
constitutive model has been adopted based on the work of Xue and Hutchinson [54] and has 
been implemented through the user subroutine VUMAT in ABAQUS 6.9-1 for balsa wood i.e. 
Figure 2-21: Illustration of mixed-mode response in cohesive elements [53] 
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the sandwich core.  The constitutive model is an anisotropic dilatational plasticity model 
which is an extension of the compressible crushable foam model proposed by Deshpande and 
Fleck [55] for the isotropic case. The yield locus has been defined as follows: 
 
                                                                                                                            
 
Where ζy is the effective yield stress and ζe is the effective applied stress given as follows: 
 
   
              
              
              
         
         
 
        
        
        
        
                                                              
     
 
   
 
    
 
   
  
            
     
    
 
            
 
    
 
            
     
    
 
 
In equation (2-5) the first 6 terms correspond to the effect of the deviatoric stress tensor and the 
last three terms are responsible for dilatational plasticity effects. An associated flow rule is 
adopted which is articulated in equation (2-6). 
 
    
     
  
    
                                                                                                       
 
Where    is the plastic strain rate coefficient, which shows the normality of plastic strain to the 
yield locus.  Initiation of fracture in balsa wood is modeled using a convex quadratic stress 
based criterion in the space of out-of-plane shear components and simulated by deleting the 
elements for the integration points of which this criterion is met. 
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This formulation renders the simulations necessarily mesh sensitive. However; for a reasonably 
fine mesh it can provide a lower bound for the results in terms of failure load thus leads to 
conservative design.  
 
2.9 Concluding Remarks 
 
The review of most relevant literature on hybrid systems, mainly hybrid joints has been done in 
the present chapter with regard to the scope of the present study. Many details have been 
excluded due to brevity and an overview of the methods in the background of the analyses is 
included. The parts of literature on hybrid layered system, metamaterial, and methodology such 
as Floquet-Bloch’s principle, the third-order theory, which are of immediate use within chapters 
have been included where they are most relevant. 
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CHAPTER 3  
SHOCK RESPONSE  
OF PERFORATED HYBRID JOINTS 
 
3.1 Introduction 
 
As mentioned in section 2.3.2, perforated hybrid joints have been designed and developed to 
increase the mechanical interlock between the adherends, and decrease the stiffness mismatch, 
hence, release the stress concentration near the edge of the interface. Most of the previous 
research works are focused on hybrid joints under static loads to ensure the structure can 
withstand ultimate loads [1-3]. The present research project is aimed at studying the structural 
performance of perforated hybrid joints under impulsive load.  
 
In this Chapter, a numerical case study is carried out to show that applying perforation to 
metal-composite hybrid joint does not only benefit the joint by tackling the elastic mismatch 
and sudden load transfer issues, but also brings the anticipated advantage of frequency filtering 
features to the joint, which could potentially improve the performance of the joint under 
dynamic load. 
 
This is followed by a numerical analysis to investigate the shock frequency filtering 
phenomenon encountered in two-dimensional (2D) lattice structures. A super-element of the 
primitive cell (unit cell) of the lattice has been formulated and applied in conjunction with the 
Floquet-Bloch’s principle to study the shock response characteristics. Plane wave propagation 
is studied by constructing the first Brillouin zone of the primitive cell in associated Fourier 
space (k-space). The frequency characteristics are presented in the band structure diagram. The 
study emphasises the existence of frequency pass and stop bands and the extent of this 
phenomenon.  
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3.2 Numerical Case Study  
 
A numerical case study has been carried out to investigate the structural behaviour of perforated 
metal-to-composite joints under impulsive load, with high interests in the frequency filtering 
effects. 
 
3.2.1 Input 
 
The double strap perforation joint is numerically modelled using commercial FEA package 
ABAQUS 6.7-1. The perforation arrangement on the metal part refers to the optimal model 
concluded by J.L.Grenestedt et al [2] from the static tensile testing (shown in figure 3-1)  
 
Figure 3-1: Perforation arrangement in the stainless steel part 
As the figure 3-1 shows, the stainless steel with 45mm width, 200mm length (100mm length 
for bending and shearing testing specimens), and 2.6mm thickness has 7 rows of circular holes, 
the radius of the holes reduces by rows in the direction of load from 2mm to 1.25mm with 
0.125mm decrease per row. The holes are spread with uniform spacing of 5mm C/C. There are 
10 holes on the every row. 
 
The through thickness x-z cross section of the composite part are shown in figure 3-2. 
 
 
 
 
The composite part of the joint is constructed by four plies of reinforced GFRP with stacking 
sequence of (0º /-45º/+45º /0º). Each ply has the width of 45mm, the top and bottom surface 
Figure 3-2: Cross section of the composite part 
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s
r
ones have the thickness of 1.4mm and the length of 200mm (100mm length for bending and 
shearing testing specimens), the middle two have the thickness of 1.3m m and the length of 
165mm (68.27mm length for bending and shearing testing specimens), which gives the 35mm 
overlap. By tying the metal part and the composite part are held together, with resin in the holes, 
forming the perforated hybrid joint specimen. The material properties are shown in Table 3-1, 
Axis 3 denotes the thickness direction and the other axes correspond to in-plane directions.  
 
Steel: Young’s modulus Es = 195       GFRP: Young’s modulus (span direction) E1= 17                  
 Poisson’s ratio   υs = 0.3                (in-plane, perpendicular to span) E3= 17                  
 Mass density       = 8.06E-6                 (perpendicular to facing) E2= 7.5                  
Resin: Young’s modulus Er = 3                Shear modulus                G13 = 2.9                                  
 Poisson’s ratio   υr = 0.25                              G32 = 3.2                                  
      Mass density      =1.7E-6    G21 = 3.2                                  
 Poisson’s ratio                υ31 =0.24                  
 υ21 =0.05                  
 υ23 =0.05                  
 
Units: mm, ms, kg, kN 
The perforated hybrid joint specimens are tested numerically under tensile, bending and 
shearing load conditions (shown in figure 3-3). A Pmax = 100kPa, t =10ms linearly descending 
triangle impulsive load is applied to each case (shown in figure 3-4).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 3-3: Load conditions for case study:  
      (a) Tension (b) Bending (c) Shearing  
(a) 
(b) 
(c) 
Pmax 
t  
Figure 3-4: Load profile 
Table 3-1: 2D Panel material properties [35] 
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Perforation Joint Responce to 1 kPa 10ms Impulsive Load  Bending
(Case Study, M odel 10&11: Single Direction Reinforced M odel without Resin in  
holes)
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3.2.2 Output 
The reaction output pulse from the FEA is transformed into the frequency domain by Fourier 
Integral: 
 
     
 
  
            
  
  
                                                                                         
                                  
where R(ω) is the complex reaction force in frequency domain, and r(t) is reaction force in time 
domain.  
The results are plotted in figure 3-5, 3-7. 
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Figure 3-6: Reaction force plotted in the frequency domain (Bending Test) 
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Figure 3-5: Reacti n force plotted in the frequency domain (Tensile Test 1) 
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Performation Joint Responce to 100 kPa 10ms Impulsive Load 
(Single Direction Reinforced M odel without Resin in  holes)
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One additional numerical model without resin filled in the holes was tested under tensile load 
with the same loading profile and boundary conditions. Results are plotted in figure 3-8. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.2.3 Conclusions drawn from the case study 
 
In this case study, the numerical perforated hybrid joint model with resin filled in the holes was 
tested under three different loading conditions, the tensile, bending and shearing, respectively. 
For each test, the specimen was subjected to a triangular blast load. An additional tensile test 
was conducted with the same load profile and boundary conditions for the numerical model 
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Figure 3-7: Reaction force plotted in the frequency domain (Shearing Test) 
Figure 3-8: Reaction force plotted in the frequency domain (Tensile Test 2) 
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without resin filled in the holes. The reaction force output for each case was recorded and 
plotted in the frequency domain. By comparing the output of the perforated model (dark blue 
line) to the base design model without perforation (pink line), the following conclusion could 
be drawn: 
 
• For tensile loading cases, the maximum amplitude was reduced significantly and the range of 
present frequencies was widened slightly. 
• For bending loading case, there is also a reduction of amplitude; however, it is not as 
significant as the joint’s response under the tensile loading cases.  
• The numerical shear test shows that this improvement of the joints’ performance by applying 
perforations cannot be seen markedly under shearing impulsive loads.  
• It is worth noting that the results given from the model without resins in the holes are showing 
that the maximum amplitude is further reduced comparing to the results obtained from the 
model with resin filled in the holes. As the resins in the holes were able to increase the 
mechanical interlock and contribute to the overall tensile strength under static load, this could 
suggest the performance of the perforated joints under impulsive loads can be improved by 
using a less stiff resin.  
 
From this numerical case study, it is shown that introducing perforations to the metal part of 
the hybrid joints has frequency filtering effects which could be used to improve the 
performance of the hybrid joint under impulsive loading conditions. This filtering effect of 
the perforated hybrid joint is further studied by a frequency analysis of a heterogeneous 2D 
lattice. 
 
3.3 Frequency Analysis of a Perforated Heterogeneous 2D Lattice 
 
Following the numerical case study, the dynamic shock response of a heterogeneous perforated 
2D lattice is investigated with high interest in the frequency filtering effects. Although this study 
is carried out for a generic condition, if we consider the heterogeneous perforated 2D lattice as 
the representative of a typical metal-composite hybrid joint shown in figure 3-9 with 
perforations on the metal part, and the holes are filled in with resin material, then, the 
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Figure 3-9: Typical perforated hybrid joint 
Composite 
Resin in the holes 
  Metal 
perforation does not only benefit the joint by tackling the elastic mismatch and sudden load 
transfer issues, but also brings the anticipated advantage of frequency filtering features to the 
joint. Hence, it can potentially improve the overall performance of the joint under dynamic 
loads. A brief review of related research of wave perforation in lattice structures is given infra. 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.3.1 Wave Propagation in Lattice Structure  
 
A lattice has been defined in mathematical abstraction as a regular periodic arrangement of 
points in space [4]. This arrangement is also referred to as lattice points which along with the 
basis vectors form the reticulated periodic/lattice structure. Ideal periodic structures are 
specified as structures constructed by regular repetition in space of identical primitive/unit cell 
along predefined directions [5-6].  
 
Many researches have carried out studies of wave propagation in such structures. Brillouin 
conducted a comprehensive review of the early works on wave propagation in periodic 
structures as early as 1953 with the history of the subject being traced back to early 1680’s, 
which included contributions by Newton, Taylor, Bernoulli, Clairaut, Euler, Lagrange, and 
Baden-Powell. However, till the end of the 18
th
 century, the main analytical model of systems 
considered comprised lumped masses joined by massless springs. [7] This model was sufficient 
to enable a study of the idea of free wave propagation in such structures to be conducted. 
Rayleigh solved the governing wave equation for a stretched string with a periodic and 
continuous variation of density along its length using Hill’s method [8]. The lattice structure 
was initially investigated with atomic models of crystals in the field of solid state physics in the 
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early 20
th
 century following the discovery of x-ray diffraction and the publication of simple and 
reasonably successful prediction of crystalline properties [9]. From the early research on crystal 
diffraction, it was found that although the reflection from each plane of the lattice points is 
assumed to be specular, only for certain values of the angle of entering beam light ζ will the 
reflections from all parallel planes add up in phase to give a strong diffracted beam [10]. This is 
the well-known Bragg’s law: 2d sin ζ = n λ, which is a consequence of the periodicity of the 
space lattice. Based on this, Floquet-Bloch’s principle [11] and band theory of solids were 
derived [12]. First Brillouin zone was also introduced, which is the smallest volume entirely 
enclosed by planes that are the perpendicular bisectors of the reciprocal lattice vectors drawn 
from the origin. Any vector k from the origin to the boundary of the Brillouin zone will satisfy 
the Bragg equation (i.e. the diffraction condition). The methodology of using Floquet-Bloch’s 
principle and band theory to analyse the frequency character of a lattice structure has been 
applied for studying both electromagnetic waves in a crystal [13-14] and light or sound waves 
in a periodic structure [15-17]. There has been a growing interest in wave propagation through 
man-made structures. Researchers are showing the band structure can be designed in an 
artificial fashion to suit different design requirement [18]. Applications are mainly developed in 
the fields of electricity, optics and quantum physics. For instance, particular photonic band 
structure can now be designed in photonic-bandgap materials (PBG), which means a 
transparent material can become opaque for any light wave vector [19]. One of the advantages 
of PBG materials is that the underlying theory can also be applied to other types of waves like 
electromagnetic or sound waves. The theory has been widely extended and employed in various 
branches of science: for example, in electronics to design an insulator or a conductor [20-21]. 
Analogously, in acoustics, noise control devices have been developed [22-23] and designable 
acoustic band gaps for two-dimensional sonic crystals were presented by Lai [24]. These works 
have led to a renewed interest in elastic wave propagation in lattice structures in structural and 
mechanical field [25]. 
 
Recently, literature shows that the frequency filtering phenomena for lattice structures can be 
exploited in structural and mechanical design. Researchers have proved the advantages of 
applying a lattice structure in sandwich beams, panels [26-29] and in truss structures [30]. From 
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these studies it can be seen, in general, that wave propagation in periodic lattices is 
fundamentally different from that occurring in a homogeneous medium.   
 
3.3.2 Main Methodologies 
 
The main methodologies applied in this frequency analysis are explained as following: 
By applying the isoparametric finite element formulation [31], a super-element is formulated 
for the primitive cell instead of using the global assumed modes method to solve the governing 
differential equations i.e. Navier or Beltrami-Michell equations, since it is extremely difficult if 
not impossible to choose a set of global shape functions, ψi for a structure with complex 
geometry [32]. The formulation is explained in section 3.3 of the present work.  
 
A plane wave solution is admitted for the conducted frequency analyses. Thus, the generalised 
coordinate of a lattice point of a harmonically vibrating infinite system is equal to 
ke  
multiplied by that of its neighbour with the plus/minus sign being contingent upon the direction 
of the wave motion. k is a complex vector in general the components of which have real and an 
imaginary parts, say j j jk i   , where the real part δj is the attenuation constant and the 
imaginary part εj is the phase constant. For waves propagating without attenuation, the real part 
is zero. Floquet-Bloch’s principle [11] is applied in the present study.  
 
It states that the eigenfunctions of the wave equation for a periodic potential are of the form of 
the product of a plane wave 
rk ie and a function  rku with the periodicity of the lattice: 
rk
kk rur
 ieψ )()( , where r denotes the lattice points in a unit cell. The subscript k 
indicates that the function  rku depends on the wave vector k, and  rku denote the 
displacement of a lattice point in the reference unit cell, which has the period of the lattice with 
)()( Lkk Trr  uu , here TL is a translation vector of the lattice. Therefore, in our case, the 
global shock response of the infinitely periodic 2D lattice under plane wave propagation can be 
studied by analysing the smallest repetitive unit, i.e. the primitive cell. 
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Figure 3-10:  
(a) A perforated panel with square hole lattices 
(b) A primitive cell with parametic geometric  
  input:  a , b , c. (c < a < b)    
                                      
   . 
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O. Sigmund et al [33] and A. S. Phani et al [34] have applied band structure theorem to 
investigate the plane wave propagation in 2D lattices. The former study uses a systematic 
approach based on topology optimisation procedures to study a square arrangement of 
inclusions, and by varying the proportion of inclusion to the matrix; they found that the 
maximum width of band gap appears for the high contrast case. The latter explored wave 
propagation phenomena in three regular honey combs, and concluded that the slenderness ratio 
of the constituent beams of the lattice has a significant influence on the band structure. This 
analytical method is used in this research to obtain the frequency characteristic of 
heterogeneous perforated 2D lattice. The formulation is explained in the next section.  
 
3.3.3 Finite Element Formulation 
 
 Primitive Cell 
 
A primitive cell was selected to investigate the structural behaviour of the perforated panel 
shown in figure 3-10a. Considering all axes of symmetry, the primitive cell is divided into four 
quarters, as shown in figure 3-10b. The geometric configuration of the primitive cell is 
governed by parameters a, b, and c as defined by figure 3-10b. Since the lattic studied here is in 
two dimensional space (say in x-y plane), the thickness of the perforated panel t is set to unity. 
The material input properites of the steel panel and resin inclusions are tabulated in table3-1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
IV 
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Figure 3-11: Lagrangian Element 
Here using 3x3 Lagrangian 
Element as an example. 
(i.e. N=3,P=3) 
I P 
(1,-1) (-1,-1) 
N 
r 
s 
(-1,1) (1,1) 
 
 Lagrangian FE formulation 
 
As shown in figure 3-10b, each quarter of the primitive cell is discretized into four Lagrangian 
elements labelled I to IV. The shape function orders of the elements in the lattice panel can then 
be controlled by using input parameters N, M and P as 
numbers of nodes on each edge of the Lagrangian 
element. As an example, a 3 x 3 Lagrangian element is 
shown in figure 3-11 with N=3 and P=3. Parameters r 
and s specify the natural coordinates and vary between 
-1 and 1.  
 
 
As we are considering the shock response in a 2D lattice, the Lagrangian element is assumed to 
have two degrees of freedom at each point U =(U,V) corresponding to coordinates in the (x, y) 
plane. The displacement field within the element u for a typical Lagrangian element (figure 
3-11) is thus related to the nodal displacement vector U as follows:   
                      
 
                                                                                                    
 
 
 
where H
(LI)
 is the displacement interpolation matrix, the superscript LI denotes Lagrangian 
element I. Here, we applied MATLAB scripts 1 and 2 (shown in Appendix B) to deduce the 
shape functions of the Lagrangian element I in symbolic form. An example shape function 
matrix HI
T 
of a 3x3 Lagrangian element is shown in equation (3-3). 
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The Jacobian operator can be derived from equation (3-4). A 3x3 Lagrange element was 
recorded in Appendix A as an instance. 
 
   
  
  
  
  
  
  
  
  
                                                                                                                          
 
 
 
By using Gauss integration, element mass and stiffness matrices, Me and Ke are calculated in 
equation (3-5) and (3-7) respectively.  
       
      =            
 
  
 
  
                                                                           
 
where                                                                                                                                      
The mass matrix of Part I of the primitive cell, which derived for a 3x3 Lagragian element, is 
given in Appendix C. It indicates there is a linear relationship between the mass matrix and 
geometric inputs a and c. Similarly, the mass matrix for part II is linearly dependent upon a and 
b.  
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The stress-strain constitutive matrix (shown in equation (3-8)) corresponding to plane stress 
condition is used in the present study: 
 
  = 
 
    
  
   
   
  
   
 
                                                                                                                                                                 
 
 
                                                                                                                                                                                 
 
where B is the strain-displacement matrix. E is the Young’s Modulus; υ is the Poisson’s Ratio. 
The stiffness matrix of Part I of the primitive cell, Ke derived from a 3x3 Lagrangian element is 
given in Appendix C. It indicates that there is a functional dependence of kij on δ, (δ= c/a). 
 
 Assembly 
 
By applying the standard direct stiffness method, both mass and stiffness matrices (Me and Ke) 
of the four Lagrangian elements, I, II, III and IV, can be assembled into the system 
displacement coordinates. Hence, it forms a quarter of the primitive cell with mass matrix MTL 
and stiffness matrix KTL , which renders the primitive cell element formulation possible.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
P nodes 
 
Figure 3-12: Quarter of the primitive cell 
assembled by four 3x3 Lagrangian elements. 
P nodes 
h26 
N nodes 
h1 h2 h3 h4 h5 
h9 h6 h7 h8 h10 
h11 h12 h13 h15 h14 
h22 h23 h25 h21 
h27 h28 h29 h30 
h24 M nodes 
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3.3.4 Super-element Formulation    
 
 Transformation matrices 
 
After assembling, both mass and stiffness of the top left (TL) quarter of the primitive cell are 
derived (shown in figure 3-10b).  By using the symmetric character of the primitive cell, 
transformation matrices A given in equation (3-10) can be applied in equation (3-11, 3-12) to 
form the mass and stiffness matrices of the other three quarters of the primitive cell. Here we 
take ATR as an example, the nonzero entries of the matrix is formed by repeating a block of 2x2 
entries [-1, 0; 0, 1] along the diagonal. The repeating time is equal to half of the degree of 
freedom (DOF) of each quarter of the unit cell. So the size of the transformation matrices is 
always equal to the size of the mass or stiffness matrix, which is governed by the input 
parameters of the Lagrangian elements: N, M and P. 
 
 
 
 
        
where the subscripts (TR), (BL), and (BR) denote the Top Right, Bottom Left, and Bottom 
Right quarter of the primitive cell respectively. 
 
T
AKAK   Renumber ˆ                                                         
T
AMAM   Renumber ˆ                                                        
 
Here the head is applied to denote the corresponding subscripts. For instance,
T
TRTLTRTR AKAK    Renumber . As the transformation matrices mirror the mass and 
stiffness matrices, entries in each matrix are in the reverse order, which needs to be 
renumbered. 
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  Q uartersC KM
 Modal parametric mass and stiffness matrices 
 
By using the same approach (i.e. the direct stiffness method), the four quarters of the primitive 
cell are assembled together, hence, it forms the super-element matrix with the stiffness matrix 
Kc, and mass matrix Mc. 
 
                where KC is the stiffness matrix of the super-element.                
 
 
  where MC is the mass matrix of the super-element.                    
 
To validate the accuracy, several element tests have been conducted. By comparing the 
displacement output from a commercial software package (ABAQUS 6.7-1) FE model and the 
super-element formulation under both static and dynamic edge loading conditions, it is seen 
that even by using a super-element with 50 degrees of freedom, which is composed of sixteen 
2x2 Lagrangain elements, good correlation can be obtained compared to the ABAQUS model 
with CPS8, 8-node biquadratic elements. The error is less than 0.2% under static load and less 
than 5% error under dynamic load for frequencies below twice the tensile mode frequency. The 
mass and stiffness matrices of the super-element also show there is a direct relationship 
between the geometric ratios δ = c/a and ε = c/b and Kc and Mc, which indicates shock 
response characteristics of a heterogeneous perforated panel can be controlled by δ and ε, and 
as we expected, some frequency filtering could be achieved. This will be discussed in next 
section.  
 
3.3.5 Frequency Analyses 
 
Based on the formulated super-element, a frequency analysis of the heterogeneous perforated 
2D lattice was conducted. According to Bloch’s theorem, the displacement at the jth point in 
any cell can be expressed as:  
 
)()( 2211)()()(
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where u(r j) is the displacement of a lattice point in the primitive cell; the integer pair (n1,n2) is 
used to identify translations along the e1 and e2 direction, respectively; vector r is defined as: r 
= r j+n1 e1+n2 e2; and k1 =δ1+iε1 and k2 = δ2+iε2 represent the components of the wave vector k 
along e1 and e2. i.e. k1 = k ∙ e1, and k2 = k ∙ e2. Assumption has been made that there is no 
attenuation for the wave propagation studied in this paper. Hence, the variation of complex 
wave amplitude across a primitive cell does not depend upon the location of the primitive cell 
within the structure. Thus, the shock response of the 2D lattice can be investigated by 
considering wave motion within a single primitive cell shown in figure 5. For computational 
convenience purposes, the 2D lattice panel is transformed from real space domain to the 
reciprocal lattice in the k-space where solution of the problem is simpler.  
The basis vectors of the two systems are related by: 
 
ijji 2 
*
ee  
ie

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where e i denotes the basis vectors of the direct lattice and e j * denotes the basis of reciprocal 
lattice and δ i j is the Kronecker delta function. For a 2D lattice, the subscripts i, j{1,2}.The 
headed i

 and j

 are the unit vectors. 
 
 
 Static condensation  
 
For computational efficiency, the super-element is modified by static condensation, which 
condensed the internal degrees of freedom; hence the total degree of freedom of the primitive 
cell reduces from 50 to 32. A brief process of the static condensation is introduced here:  
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ddddada 0UKUK 
 
where the subscript a denotes the active degrees of freedom, in this case they are the entries on 
the boundary of the primitive cell, and d corresponds to condensed ones, which are the internal 
ones. 
 
Given the equation of motion in partitioned-matrix form which provides a static constraint 
equation:  
                                                                              
 
 
Then the static condensation transformation matrix is    
 
                                                                              
 
 
And the condensed mass and stiffness matrices can be derived by: 
cc
T
caa TMTM        and      cc
T
caa TKTK                    
where Mc and Kc are the uncondensed mass and stiffness matrix of the primitive cell obtained 
from equations 3-13 and 3-14.  Maa and Kaa, are the condensed mass and stiffness matrix of 
the primitive cell. 
 
The first Brillouin zone is defined as a Wigner-Seitz or primitive unit cell of the reciprocal 
lattice, and it can be formed by constructing the perpendicular bisectors of the edges of the 
reciprocal primitive cell. Thus, the wave vectors can be restricted to the edges of the irreducible 
part of the first Brillouin zone in the reciprocal lattice presented in figure 3-13b by the shaded 
region, and the lattice points of the irreducible first Brillouin zone in associated Fourier space 
are tabulated in table 3-2.  This allows the bandgaps character of the heterogeneous perforated 
2D lattice to be investigated, since the band extrema occurs along the boundaries of the 
irreducible zone. 
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Figure 3-13 a heterogeneous perforated 2D 
lattice (a) with a selected primitive cell and 
the first Brillouin zone (b) in k space. The 
irreducible part of the first Brillouin zone are 
shown as shaded area. The basis vectors of 
the direct lattice (ei) and the reciprocal lattice 
(ei*) are also  shown. The points are defined 
in Table 3-2 
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Table 3-2: The irreducible first Brillouin zone points. 
The wave vectors are chosen along the locus ΓPQR in reciprocal lattice 
 
 
The geometric inputs a, b, and c are converted into dimensionless parameters using 
Buckingham’s Pi-theorem as follows: 
 
α = C / A, β = C/B;                                
 
where the width of the unit cell A = 2∙(a + c), the length of the unit cell B = 2∙(b + c) and the 
width of the square resin hole C = 2∙c. 
The following two cases have been investigated in the frequency analysis: 
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 Floquet-Bloch’s principle 
 
In solid state physics, band-structure theory has been successfully applied to analyse the 
diffraction of the waves by crystals to determine the ground-state properties such as cohesive 
energies or crystallographic structure. In contrast, Bloch’s theorem is used here to predict and 
estimate the shock response of a 2D lattice under plane wave by investigating one primitive cell 
with a given configuration. By applying Bloch’s theorem, which can be rewritten as 
ji
j j eu u
rk
knLkn rTr

 )()( where n is the band index, and TL is a translation vector of 
the lattice, the following relations between the displacements can be obtained: 
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where the subscripts respectively specify the displacements nodes of a condensed 
super-element, as shown in figure 3-14. The above relationships can be defined in the matrix 
notation as: 
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Figure 3-14: A condensed super-element the 
nodes which are not in the red block showing 
the Bloch reduced coordinates. 
 
 
where u~ is the displacements of the nodes in the Bloch reduced coordinates, and I is the 2
nd
 
order identity matrix. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Analysis of free wave motion  
 
For a free vibration, the governing differential equation of the finite element model of the 
primitive cell takes the form:  
           0 KuuM                                               
 
By applying Bloch’s theorem it follows that: 
,0~
~
uD  where ,
~
B
H
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The dynamic stiffness D is defined as:  MKD  , and 2 ; the superscript H 
denotes the Hermitian transpose. Therefore, a linear algebraic eigenvalue problem is formulated 
as follows:  
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As the assumption of no attenuation has been taken into this 2D shock wave analysis, (i.e. k1 = 
iε1 and k2 = iε2), the associated eigenvalue problem only includes two components of the wave 
vector viz. the phase constants ε1 and  ε2  along with the frequency of the plane wave ω. 
 
As discussed earlier, due to the periodicity, the phase constants ε1 and ε2 can be specified to 
restrict the wave vector to the edges of the irreducible part of the 1
st
 Brillouin zone. (i.e. k[-π, 
π]d , where d is the dimension) Any other point k of the zone which is not in this rectangle can 
be rotated into a k-vector inside the rectangle by a symmetry operation that leaves the zone 
invariant. Based on these, dispersion surfaces can be computed by solving for the frequencies. 
The results are presented and discussed in the next section. 
 
 Band structure 
 
If we take the square hole size, c = 2 mm and c = 0.5 mm for Cases 1 and 2 respectively, from 
[3-22] it gives:  
 
 Case1:  a = 4 mm,   b = 10 mm,  c = 2 mm; 
 Case 2:  a = 5.5 mm,  b = 11.5 mm, c =0.5 mm 
 
and the corresponding irreducible first Brillouin zone points are shown in Table 3-3. 
  
Table 3-3: The irreducible first Brillouin zone points  
for c = 2, α = 0.5, β = 0.2; and c = 0.5, (case I)  
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By solving the resulting linear algebraic eigenvalue problem in equation (3-27), eigenvalues 
 for each pair of wave vector components k1 and k2 are calculated. Also, the obtained 
frequencies are normalised by dividing the first non-zero frequency at Γ.  
 
i.e. 3 /ˆ   ii                         
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3-15: Band Structure Diagram for Case 1 
iˆ  
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k-space position s 
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The dispersion surfaces for the seven lowest frequencies are attained and plotted in figures 3-15 
and 3-16. The parameter s is introduced as a scalar pathlength parameter in k space, along the 
perimeter ΓPQRΓ of the shaded region ΓPQR in the first Brillouin zone. It is used to indicate 
the location of any point on the perimeter. The horizontal axes denote values of s, the k-space 
position on the boundary of the irreducible Brillouin zone. Firstly, from both cases, as expected, 
it can be seen that there is a range of frequencies with no corresponding eigenmodes, i.e. there 
is a completed forbidden band between the fourth and fifth bands in both cases. This means 
within the forbidden band, there is no elastic wave with the frequencies of the band that can 
propagate through the structure. The forbidden band zone is indicated with shaded regions in 
figures 3-15 and 3-16. 
 
Secondly, it can also be noticed that by increasing the ratios α and β, apart from the forbidden 
band between the fourth and fifth bands, there is an additional complete band-gap between 
Figure 3-16: Band Structure Diagram for Case 2 
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sixth and seventh band shown in figure 3-16. This means that, as expected, the 2D lattice does 
have the frequency filtering effects. Furthermore, by varying the geometric input ratios α and β, 
the band structure diagram can be designed. Thus, a desired shock response of a hybrid joint 
can be achieved by choosing the suitable perforation.  
 
Last but not least, figures 3-14 and 3-15 also indicate that perforations will have limited effects 
to lower excitation frequencies. As it shows in figure 8, there is no full stop band in the lower 
frequencies domain. Nevertheless, the two partial band gaps, which are indicated with hatched 
regions in the diagram, shows there will still be propagation at those frequencies.  
 
3.3.6 Concluding Remarks 
 
The present study deals with frequency filtering phenomenon encountered in 2D lattice 
structures such as hybrid metal-composite joints. The study conducted is numerical and 
includes frequency eigenvalue extraction for a structure with holes. Since the study is generic 
the results may be applied to many disciplines, nonetheless, the emphasis here has been on the 
propagation of mechanical waves in 2D lattices of heterogeneous nature. 
 
In this work a super-element has been formulated based on the finite element (FE) method by 
assembling four similar parts i.e. four quarters of a unit cell. As an example, one super-element 
with fifty degree of freedom has been adopted and studied. The degrees of freedom are reduced 
through static condensation. Subsequently, Floquet-Bloch’s principle has been utilised to study 
wave filtering phenomenon in the representative building block (primitive cell) of the 2D lattice. 
In order to explore the shock response of a heterogeneous perforated 2D lattice, a frequency 
eigenvalue extraction analysis for the primitive cell has been conducted for the first Brillouin 
zone. The wave motion complex eigenvalue problem has been solved for given geometric input 
ratios, and the corresponding band structure diagrams are obtained.   
 
The results show that frequency bands can be governed not only by the proportion of inclusion 
(resin filling) to the matrix (metallic part), but also by the structural geometric input ratios (i.e. 
by α and β). Existing literature [33] shows that band gaps can be maximised by using higher 
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contrast of inclusion to the matrix, however, a widened band may still not cover the frequency 
range which is desired to be filtered by the 2D lattice. Therefore, apart from using high contrast 
material in a heterogeneous perforated 2D lattice panel, one can optimise the perforated lattice 
panel to achieve desired band gap characteristics by varying the geometric input ratios α and β. 
Hence, elastic waves can be prevented from propagating or admitted to propagate in the 
specified frequency regimes by changing these parameters.  
 
The results from the band structure diagrams in this study show that perforations may have 
limited effect on lower excitation frequencies, nevertheless, clearly complete forbidden bands 
are observed for a range of higher excitation frequencies. This means, as expected, by applying 
perforations to the metal part of the hybrid joint, a beneficial filtering effect can be obtained if 
the response were to remain in the elastic range and linearity were to be preserved. The 
advantages of perforated lattice frequency filtering could be utilised to protect the joints 
subjected to impulsive or pulse loads, thus, to improve their shock response behaviour. 
However when nonlinearities are involved this would be an extremely intricate problem which 
merits to be addressed in a separate study.  
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CHAPTER 4  
NUMERICAL STUDY  
  OF COMBINED HYBRID JOINTS  
 
4.1 Introduction 
 
In general, accurate finite element modeling of connection details will lead to a correct 
assessment of the stress distribution in the joint as well as a better understanding of potential 
failure mechanisms. Based on the FE analysis results, optimisations could be done felicitously 
to joints, hence, an improvement of the structural performance can be achieved. 
 
In this chapter, two combined hybrid joints have been modelled and investigated numerically 
using ABAQUS 6.7-1. The first one is a symmetrical base design hybrid joint (discussed in 
2.2.1), which is formed by welding two S shape steel components together. The joint is then 
bonded to a standard sandwich panel, and tested under a blast load. The other one is called 
Beltran joint. It is a mechanical fastened double lap joint with Comeld technique applied to the 
surface of the metal part of the joint. It is investigated by static tensile tests. As discussed in 
section 1.33, the combined hybrid joints normally have better performance than the other two 
types of joints. The full scale physical test shows that the sandwich panel failed with foam core 
failure and the combined base design hybrid joint has managed to endure the applied blast load. 
On the other hand, the Beltran joint specimen tied with a G8 bolt failed with the bolt shearing 
failure. Results from the tensile test show that the strength of the Beltran joint can be improved 
by replacing with a higher stiffness bolt.  Both combined joints were modelled numerically; 
results are presented and discussed in the following sections. 
 
4.2 Modelling and Testing Sandwich Panels with Base Design Hybrid Joints 
 
GRP-sandwich panel is one of the most commonly used hull structures on 
mine-counter-measure vessels, the skins are designed to give high stiffness and strength while 
the core provides high shear resistance and low weight. The concept of FRP sandwich 
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structures has always been attractive because of the potential increase in bending stiffness 
offered at little or no extra weight. 
 
This research was carried out to study the structural performance of a composite sandwich 
panel with the base design combined hybrid joints under blast load. Numerical tests of the 
model with and without foam failure had been conducted using commercial FEA software 
ABAQUS 6.7-1. A pre-developed VUMAT subroutine, which is based on Zhenyu et al [1]’s 
yield criteria discussed in Chapter 2.8, is applied to simulate the foam core failure. The 
configuration of the panel and the joints are stated in section 4.2.1. Testing results are compared 
and discussed in section 4.2.4.  
 
 
4.2.1 Input Data 
 
The essential modeling input including geometric dimensions, material properties, strain gauge 
layout, loading and boundary conditions are stated in this section. The hypotheses which were 
made for the foam failure model are discussed in the section on material properties. 
 
 
 Geometry 
The configuration of the panel and the joint are shown in Figure 4-1. The total span of the 
900mm wide by 58mm thick composite panel is 1000mm. The panel itself is made of 3mm 
thick GRP facing on both sides of the 50mm thick foam core. Between the GRP facing panels 
and the foam core, there is a 1mm thick adhesive layer. The hybrid joint that applied in this 
study is a combined adhesive joint, which is formed by welding two S shape steel components 
together. 
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 Material Properties 
 
The material properties are listed in Table 4-1, Axis 3 denotes the thickness direction and the 
other axes correspond to in-plane directions: 
 
Table 4-1 Material Property [2]  
 
Parts Material  Properties Value 
(Joints) 
Steel  Density  7.85e-6 
Young’s modulus 211 
Poisson’s ratio 0.3 
Yield stress 0.4 
(Sandwich 
Panel) 
Adhesive Density 1.7e-6 
Young’s modulus 4.7 
Poisson’s ratio 0.3 
Quads Damage: Nominal Stress (Normal-only Mode) 0.032 
Nominal Stress (First Direction)   0.1 
Nominal Stress (Second Direction) 0.1 
Damage Evolution: 
Linear Power Law 2 
Normal Mode Fracture Energy (GIc)      8.5e-4 
Shear Mode Fracture Energy 1st Direction 0.017 
Shear Mode Fracture Energy 2nd Direction 0.017     
Adhesive with 
degraded strength  
Density 1.7e-6 
Young’s modulus 4.7 
Poisson’s ratio 0.3 
Tensile strength 5e-3 
Normal Mode Fracture Energy  (GIc)      1e-5 
50 mm 50 mm 3 mm 
50mm Foam Core 
3 mm Facing 
1 mm Adhesive 
 
Span 1000 mm 
6 mm 
Figure 4-1: Model of sandwich panel with combined hybrid joint  
900 mm    
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Facing                                                   Density 2.1e-6 
Young’s modulus    (span direction)              E1               17   
Young’s modulus    (in-plane, perpendicular to span) E3 17 
Young’s modulus    (perpendicular to facing)       E2   7.5      
Shear modulus                                G13   2.9 
Shear modulus                                G32          3.2 
Shear modulus                                G21 3.2                               
Poisson’s ratio                                 υ31 0.24                               
Poisson’s ratio                                 υ21 0.05                               
Poisson’s ratio                                 υ23 0.05                               
Ultimate interlaminar normal stress 5.61e-5 
Ultimate interlaminar shear stress:     5.26e-4 
 
Foam core 
Assumptions: 
-Compressible 
Isotropic 
 -Brittle 
  (i.e. no  hardening) 
 
Density                     5.2E-8 
Young’s modulus                     E11 = E22 =E33 6e-2 
Poisson’s ratio                        υ12= υ23 = υ31 0.3 
                                    υ21= υ13= υ32 0.023 
 
Foam core 
Plasticity parameters:   
 
Yield Criteria (Xue, Hutchinson 2004) [1] 
   
              
              
              
         
 
        
         
        
        
   
       
                                 
     
 
   
 
    
 
   
    
            
     
    
      
            
 
    
      
            
     
    
      
 
Failure Criteria: 
* Higher yielding 
stress is assumed to 
ensure foam’s 
structural behavior 
remains in elastic 
region.  
 
Stress Based Failure:           (η 12/ η critic)
2
+ (η 23/ η critic)
2 
= 1              
Strain Based Failure:           (ε11 + ε22 + ε33) / ε critic = 1   
Critical shear strength:           η critic = 0.0003 
(failure model 1)                        
Critical shear strain:             ε critic = 0.01 
(failure model 2) 
Yielding Stress :                ζy  = 1000             
Yielding Strain:                 ε0 = 0.01 
Tensile strength                 ζt = 0.00123 
Units: mm, ms, kg, kN 
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S4 S6 S5 
S3 S1 S2 
B1 
B3 
B2 
B4 
Outer face sheet (unloaded) 
Inner face sheet (blast loaded) 
Lower right corner 
Upper left corner 
4.2.2 Strain Gauge Layout 
According to the strain gauge layout from blast test [2], strain output request are assigned to the 
whole panel model shown in figure 4-2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.2.3 Loading and Boundary Conditions 
 
According to the reflected pressure history output from the blast test shown in figure 4-3 (a), the 
simplified loading profile for the numerical tests are ploted and tablulated in figure 4-3 (b) and 
table1 4-2, respectively. The boundary condtion is shown in figure 4-4. Both sides are fully fixed. 
 
 
 
Figure 4-2: (a) Strain output layout 
Figure 4-2: (b) Strain output layout (FE model) 
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Table 4-2   Load Amplitude Input 
 
Time 
(ms) 
Pressure 
ratio 
Time + 
Shift(s) 
Pressure 
(kPa) 
0 0 0.059 0 
3 1 0.062 110 
35 0.25 0.094 27.5 
50 0.07 0.109 7.7 
113 0 0.172 0 
 
 
    
 
    
Figure 4-3: (b) Applied loading profile for the numerical test.  
                                    * 110kPa=0.00011GPa 
Figure 4-3: (a) Blasting load profile from TNO test  
Reflected Pre sure 
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 Two types of model with different foam core mesh density 
  
 
 
Figure 4-5 and 4-6 shows the two 
types of numerical model which 
have been tested. 
  
The whole panel model is time 
expensive to simulate, even 
with a coarsely meshed foam 
core, and there is some mesh 
sensitivity. By using the 
symmetrical considerations, plane 
strain models were conducted and 
studied. 
 
 
4.2.4 Results and Discussion 
 
 Whole Panel Model without Foam Failure 
Figure 4-4 Boundary conditions 
20mm 
Figure 4-6: Plane strain model  
 
Figure 4-5: Model of the whole panel with coarse foam core mesh 
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The selected strain outputs of the panel model without foam core failure are plotted in figure 
4-7.  It can be seen that the strain history output of the numerical model without foam failure 
matches the strain gauges’ results obtained from the TNO blast tests until approx. 2ms. As it 
also mentioned in TNO’s report [2], unsymmetrical response appears after 1.4ms (60.4ms 
testing time). This shows foam core failure does affect the strain gauge results.  
 
 
 
 Plane Strain Model with Foam Failure Based on Critical Stress 
 
The strain history output from the critical stress based foam core failure model was plotted with 
the strain gauge results from the blast test. This time the foam failure effect was captured. As it 
shows in figure 4-8, reasonable agreement is observed till about 2.1 ms.  After this point, the 
edge strain gauges (S4 and S6; S1 and S3) on both out and inner face sheets deviate strongly. 
Meanwhile, strain curves start to wiggle. All these are post-failure phenomena. Referring to the 
fracture behaviour of the numerical model shown in figure 4-9, three red guide lines were 
added to the chart at around 1.9 ms, 2.1ms and 2.7ms.  
Figure 4-7: Strain output from the panel model without foam failure 
 plotted with results obtained from the strain gauges. 
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Figure 4-8: Strain output from the plane strain model 1 with foam core failure based on critical stress 
 plotted with results obtained from the strain gauges. 
 
Although fracture behaviour predicted from the plane strain model shown in figure 4-9 does not 
agree well with blast testing result shown in Figure 4-10 (a), theoretically, it is logical. As we 
know, for a plate, the maximum shear stress should appear near the middle plane in through 
thickness direction.  
 
Hence, based on the stress failure criteria stated in section 4.2.1, for an ideal composite panel 
without any defect, the crack should appear at the middle plane and penetrate horizontally 
towards the centre. Comparing it to the damaged corner sections after blast test, it can be seen 
the crack does start at the joint side of the gluing layer which is near the middle plane. The 
additional model with pre-defect hole in the foam core was conducted and the results are going 
to be discussed in the next section. 
 
It could also be noticed in figure 4-10 (a), a potential vertical crack is shown near the edge of 
the joint steel plate. Delamination failure at the top interface between facing and foam core is 
also captured. Maximum stress appears near the edge of the joint, the combined base design 
hybrid joint proved it is able to endure the applied blast load. (Shown in figure 4-10(b))  
Horizontal shear crack 
started from joint side  
Horizontal shear crack 
reached middle plane 
zone 
Horizontal crack was closed up  
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Figure 4-9 Predictions of the failure progress from the plane strain numerical model 1 at time 1.9ms, 2.1ms, 2.3ms and 2.7ms 
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 Plane Strain Model with Foam Failure Based on Critical Strain 
 
The strain history output from the critical strain based failure model is shown in Figure 4-11. 
General agreement between the results from blast test and the output from numerical model was 
shown before 2 ms, which is the time when horizontal crack started at the foam cores’ bottom 
interface closing to the joint side. This failure directly affected the strain output from both S1 
S3 and S4 S6 at the edge of the composite panel.   
  
 
Figure 4-10: (a) Damaged corner sections      (b) Stress distribution at the joints of plane strain  
crack started at 
the joint side 
of the gluing 
layer 
Horizontal delamination 
started from joint side  
Bottom side horizontal crack 
was closed up  
 
Vertical crack started from 
the top interface  
Figure 4-11: Strain output from the plane strain model 2 with foam failure based on critical strain 
 plotted with results obtained from the strain gauges. 
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Figure 4-12 Predictions of the failure progress from the plane strain numerical model 2 at time 2ms, 2.1ms, 
2.3ms and 3ms 
 
As the delamination developed along both top and bottom sides of the interface, the top side 
was debonded further, while the bottom side horizontal crack was closed up at the joint side. At 
around 3ms, a vertical crack started from the top side interface. Referring to the fracture 
behaviour of the numerical model shown in Figure 4-12, three red guide lines were added to the 
chart at around 2.0ms, 2.1 ms and 2.9 ms. Comparing this fracture behaviour with the blast 
test’s results, it shows that stress based failure criteria is more accurate in this case.   
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 Plane Strain Model with Defected Foam & Degraded Strength Adhesive 
 
There is a defect in the blasted test sample highlighted in figure 4-13(a). This may function as a 
crack initiator. Therefore, an additional plane strain model was conducted with foam elements 
being removed shown in figure 4-13(b).  
 
 
 
 
 
 
 
 
 
The prediction of the foam failure progress is shown in figure 4-14. Despite the 45º crack was 
not captured. This numerical model shows that the defect does have a failure initiating effect on 
the foam failure. This time, the horizontal shear crack started along the defect layer instead of 
the middle layer. Also, the crack appeared around 1.8ms, which is slightly earlier than the one 
without defect.  
 
Delamination occurred at the top interface. The mid-plane shear crack started at 2.1ms while 
the initial crack developed to around one third of the panel span length, and it met the vertical 
crack which started near the steel joint. Even with the degraded strength adhesive layer, the 
model didn’t show peel in the outer left adhesive bond. 
 
 
 
 
 
 
 
 
 
 
 
Figure 4-13: (a) Defect in the testing sample panel.   (b)Plane strain model with defect foam core  
Figure 4-14 (a) Prediction of the failure progress at 1.9ms  
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4.2.5 Concluding Remarks 
From the numerical study of the composite sandwich panel with combined base design hybrid 
joint under blast load, the following conclusions can be drawn: 
 The foam failure does affect the strain gauge results. Nevertheless, plane strain model 
with foam failure based on critical stress can produce reasonable accurate results, which 
match the strain gauge results before the failure occurs. Also, it is able to capture the 
main stage of the strain variation curve after the failure. 
 The foam failure model with shear stress failure criteria and the model with defect foam 
show that the defect in the foam core, which is built up from two cores, does have an 
effect on the failure behaviour. Despite the 45º crack is not able to be captured, the model 
is able to predict the main location of the failure at the right time. 
 
Hence, in order to get good agreement between numerical and experimental results, the correct 
material property and precise production process should be taken into account in modeling.  
Inaccurate and inappropriate material property input will overshadow the performance of even 
the most refined FE models. This study also shows that for sandwich panels, the foam core 
materials need provide sufficient strength to maintain a load path between the skins, which can 
be more crucial than the hybrid joint. The foam core used in this study is not able to withstand 
the applied blast load. Foams with better ductile properties could dissipate more energy under 
the blasting load; hence, they would be more suitable for naval applications. 
Figure 4-14 (b) and (c) Prediction of the failure progress at 1.9ms 2.1 ms and 2.4ms. 
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CHAPTER 5  
MODELLING CIRCULAR SANDWICH PANEL  
(USING THE THIRD-ORDER SHEAR DEFORMATION THEORY) 
 
5.1 Introduction  
 
Thick sandwich panels made of stiff faces and soft light shear resisting cores are widely used in 
the transport industry as well as in emerging fields of related technologies. There is an 
abundance of research conducted on sandwich panels in static and dynamic loading 
environments. To mention a few Yu [1] developed linear and geometrically non-linear theories 
for sandwich panels and investigated flexural response under static and dynamic loading 
conditions in one of the earliest works on the topic. Schmidt [2] studied an analytical 
multi-layer shell model made of stiff and flexible layers and used his derived mathematical 
model to study the nonlinear static behaviour of sandwich structures. Wang [3] studied the 
postbuckling response of anisotropic sandwich shells with laminated composite faces using a 
geometric nonlinear theory. Librescu et al. [4] further improved the model developed by Wang 
[3], also Librescu et al. [5] conducted a survey of recent developments in the modelling of 
advanced sandwich construction. Hause et al. [6] explored the dynamic response of advanced 
sandwich structures that incorporates the directional property of the materials for the face 
sheets. Most of these works have employed a first order shear deformation theory to 
approximate the deflection field through the thickness. This approach leads to incorrectly 
non-zero top and bottom shear stresses although it generally provides a good approximation of 
displacements. Barut et al. [7] applied {3,2}-higher-order plate theory to analyse thick 
sandwich plates. The theory is based on a cubic expansion of in-plane displacement 
components and a special form of quadratic expansion for the out-of plane displacement 
component in the through the thickness direction. The number of variables describing the 
displacements at a point is reduced from 11 to 7, and the transverse-shear-stress conditions on 
the upper and lower surfaces are enforced to zero, hence, the continuity of transverse stress 
fields has been achieved. Shariyat [8] studied the sandwich plates subjected to 
thermo-mechanical loads; a high-order theory is used to guarantee the continuity condition of 
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the displacement and transverse stress components. Both local and global response of sandwich 
plates with different layer sequences and boundary conditions have been investigated.  
 
Due to the high degree of anisotropy in the core and skins, large thickness to radius ratio and 
low rigidity in transverse shear, Kirchhoff hypothesis of classical plate theory is no longer valid 
for this type of structure. This hypothesis, which is analogous to Euler-Bernoulli assumption of 
shallow beam theory, states that transverse normal to the mid-plane of a plate remain straight 
and normal subsequent to deformation due to the negligible transverse shear effects. Such an 
assumption leads to underestimating deflections and overestimating frequencies and buckling 
loads on a consistent basis. Leaving inaccuracies in this regard aside there is another important 
issue to be addressed viz. the artificial non-zero shears at the top and bottom traction-free 
surfaces. The latter issue can only be correctly dealt with if a higher order theory is employed
1
. 
One theory which has been shown to generate accurate results and lead to zero shear stresses at 
free surfaces is the third-order shear deformation theory (TST) [9].  
 
Although various third-order theories were proposed by researchers [10-15] the TST of Reddy 
and his associates [9] is perhaps the most widely adopted model in the study of laminated plates. 
It has been used successfully to obtain the parabolic shear stress distribution through the 
thickness of a thick plate [16] as well as in extracting the natural vibration modes and 
frequencies of thick laminated composite plates [17]. It can be further modified to include the 
non-zero shear tractions at the top and bottom if there are in-plane parallel tractions on these 
surfaces [16]. Due to its flexibility and generality it has been adopted here to study the forced 
vibration of a circular sandwich panel subjected to axisymmetric pulse loading.  
 
Sandwich panels with different core topologies can be used in design against blast and impact. 
In recent years the demand for structural elements with high blast and impact resistance has led 
to numerous research works on the topic. The subject has attracted attention from a wide 
spectrum and both academia and industries have shown enthusiasm to pursue with an 
improvement in understanding the blast resistant behaviour of this class of structures. A. Vaziri 
                                                        
1 An alternative approach would be to use the fudge shear correction factors required to compensate for the lack of 
inclusion of higher order terms in the out-of-plane displacement function. Such an approach results in more accurate 
results compared to the first order theory though does not have a theoretical justification. 
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and J. W. Hutchinson [18] studied the shock response of metal sandwich panels to intense air 
blast. Their analysis employs a full fluid-structure interaction and the results are compared to 
pure steel plates of equal areal density. They showed there is an almost 10% improvement in 
blast resistant behavior of the sandwich panel compared to its metal counterpart. Tekalur et al. 
[19] studied an improved design with stitched core and 3D woven glass fibre-reinforced plastic 
(GFRP) skins. They confirmed, experimentally, that stitching the core to skins contributes to 
the integrity of the panel as a whole and thus increases the blast energy absorption of the 
system as well as its resilience. Andrews and Moussa [20] derived the failure mode maps for 
composite sandwich panels subjected to air blast, however; they used a 
single-degree-of-freedom model for their numerical analyses. This renders their conclusions 
limited to cases where the first model of vibration is dominant and responsible for failure. More 
recently, Theobald et al. [21] studied large inelastic response of unbonded metallic foam and 
honeycomb core sandwich panels to blast loading experimentally. They showed the superior 
energy absorption characteristics of this class of structures. Tests were conducted using two 
different face sheet thicknesses and the results suggested that face sheet thickness has a 
significant effect on the performance of the panels relative to an equivalent monolithic plate. In 
another program of study conducted by G. N. Nurick and G. S. Langdon, the same research 
group [22 23] the effect of intense air blast on sandwich panels with steel faces and an 
aluminium honey comb core was investigated experimentally and numerically. It was deduced 
that for the particular core material looked into, the load transfer to the back plate of the panel 
depends on the load intensity, core thickness and flexibility of the sandwich panels. More 
limited studies have addressed specific type of structure, loading regime or boundary 
conditions. For instance Q. H. Qin and T. J. Wang [24] derived and analysed the governing 
equations of dynamic response for a fully clamped metallic sandwich beam under impulsive 
loading.  
 
In this chapter, a circular sandwich panel made of balsa wood core and GFRP skins with 
symmetrical through-thickness architecture has been studied. The choice of architecture and 
material renders the study relevant to naval defense systems. The panel has been subjected to a 
uniformly distributed pulse load (UDL) with different temporal distributions. In section 5.2 an 
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analytical model has been defined. This includes a well-defined set of simplifying assumptions 
applied to the model to reduce the actual physical problem to the analytical one. Then in section 
5.3 Hamilton’s principle (the principle of least action) has been used to derive the partial 
differential equations (PDE’s) governing the vibration of the plate along with the natural 
boundary conditions. These equations are then transformed into ordinary differential equations 
(ODE’s) using the weak formulation of Galerkin’s method in the spatial domain. These ODE’s 
are exactly solved in the Laplace domain (frequency domain) subsequent to their 
transformation, and then transformed back into the time domain. The correlation of 
displacements with commercial finite elements (FE) software ABAQUS 6.9 [25] shows a very 
close agreement even for few terms in the Taylor series expansion of the out-of-plane 
displacement function. It can thus be inferred that shear stresses also correlate well. 
 
5.2 Analyses  
 
5.2.1 Defining the analytical model 
 
The simplifying assumptions used to construct the analytical model of the panel are as follows: 
 
1. The faces and the core are linearly elastic, small deflections are assumed and the 
constitutive models used for panel components are rate-independent transversally isotropic 
ones with the plane of isotropy being perpendicular to the thickness direction. 
 
2. The faces are fully bonded to the core i.e. no relative slip is allowed between the 
components.  
 
3. The thicknesses of the faces are equal (through-thickness symmetry is assumed). 
 
4. The deformation is adequately expressed in terms of a third-order polynomial through the 
thickness of the panel and an independent out-of-plane displacement function. 
 
5. The effect of rotatory inertia is neglected. 
 
6. The effects of wave propagation through the thickness of the sandwich panel are neglected. 
 
The first assumption requires no damage to be done as a result of loading and means the model 
is only valid prior to the initiation of damage; nonetheless, it is capable of predicting the 
initiation of failure. It also implies the materials of the core and of faces are strain-rate 
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insensitive. The core is made of either balsa wood or PVC foam and the skins of GFRP. 
Provided woven composites are used for the skin both the skins and the core can be modelled 
as transversally isotropic materials (with isotropy being a special case). The validity of this 
assumption for UD composites is congruent upon the through thickness architecture of the 
laminate. The second assumption means the adhesive bonds between the faces and the core 
remain intact and do not fail, neither do they deform in the process of loading and unloading. 
The third assumption deals with restricting the study to the most commonly used sandwich 
architecture and assumption (4) allows for traction free surfaces to be included. Assumption (5) 
is valid due to the fact that the materials used in the construction of sandwich panels are 
light-weighted and assumption (6) renders early time response and associated failure modes 
(spalling and scabbing) irrelevant. The correctness of these assumptions depends on the type of 
behaviour we expect the model to represent faithfully. They will be used in the sequel to derive 
the mathematical model (set of PDE’s) of the panel when subjected to pulse loading of an 
arbitrary temporal shape. 
 
5.2.2 Deriving the governing differential equations  
 
Considering a circular sandwich plate made of 3 transversally isotropic layers as shown in 
Figure 5-1 the radius is denoted by R and the total thickness by h=2ts+tc which is equal to a 
face thickness (ts) multiplied by 2 plus the core thickness (tc). The displacement field of the 
axisymmetric problem in the cylindrical coordinate system is expressed by equation (5-1): 
Z1
Z2
Z3
Z4
ts
tc
ts
 
 
 
 
  
                                                                                                                 
Figure 5-1:Schematic of a sandwich panel with balsawood/foam core and composite skin 
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Where the component ur is expressed as follows: 
                   
 
   
         
 
  
                                                    
 
The cubic term in equation (5-2) ensures the zero shear stress condition at the top and bottom is 
satisfied. With the displacement field defined based on equation (5-1) the strain field is 
obtained as follows: 
 
 
 
 
 
 
 
 
   
   
   
   
   
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    
  
  
 
 
 
   
  
 
   
   
   
  
    
 
 
    
  
  
   
  
 
 
 
    
    
  
  
   
  
 
  
  
  
 
 
 
 
 
 
 
 
 
                                                                                                          
 
The constitutive relations for different parts of the sandwich panel are given as follows: 
 
     
 
 
 
 
 
 
 
 
      
   
     
   
     
   
     
   
     
   
     
   
     
   
     
   
     
   
         
                      
                      
                      
                    
                    
                    
          
     
   
     
        
   
 
         
   
 
 
 
 
 
 
 
 
 
                                                     
 
  
Therefore the stress tensors in different layers are obtained as follows: 
 
                                                                                                                                             
 
Or in tensor notation: 
 
   
   
      
   
   
   
                                                                                                                              
 
where the superscript (k) is the layer index. Once the displacement field, the strain tensor field 
and the stress tensor field are defined the strain energy of the panel can be obtained as well as 
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its kinetic energy as follows: 
 
     
 
   
                                                                                                                                           
     
 
   
                                                                                                                                            
 
   
 
 
      
   
    
  
  
 
 
 
   
   
                                                                                            
 
   
 
 
           
 
    
  
  
 
 
 
                                                                                        
 
Where n is the number of layers (here n=3), Uk and Tk are strain and kinetic energies of layer k, 
respectively. 
 
Hamilton’s principle can now be applied to derive the governing differential equations as 
denoted in equation (5-8): 
 
      
  
  
                                                                                                                             
 
Where П=U-W is the total potential energy obtained by subtracting the external work from the 
strain energy. The two governing differential equations are obtained by integrating by part the 
terms in the expansion of the integral above which have δθ and δw and their derivatives. These 
equations are as follows: 
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The derivation procedure is standard and leads to the PDE’s above as well as to natural 
boundary conditions. Since brevity is intended the detailed derivation is omitted and only the 
results are included. The coefficients are lengthy and are provided in Appendix E. 
 
 
The natural boundary conditions are in general too lengthy to be included here thus only the 
case of fully-clamped panel has been considered. This case comprises only essential boundary 
conditions which arise from actual physical boundaries or symmetry conditions. This situation 
leads to a case far simpler than the simply supported one. The essential boundary conditions are 
as follows:  
 
                                                                                                                                    
 
                                                                                                                                                 
 
Figure 5-2: Loading and boundary condtions 
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Zero initial conditions are assumed as follows: 
 
                                                                                                                                        
 
                                                                                                                                          
 
The loading is assumed to be a uniformly distributed load i.e. p(r,t) = H(R-r)P(t) where H 
denotes Heaviside step function. Equations (9) must be solved for the dynamic response. 
 
5.3 Solving for the dynamic response 
 
This section deals with the numerical solution of PDE’s derived in the previous section 
considering the essential boundary conditions of equation (5-10) and initial conditions of 
equation (5-11). The procedure involves using the weak formulation of Galerkin method 
(weighted-residuals method). The independent displacement variables are presented in vector 
form as follows: 
 
   
       
       
   
       
      
                                                                                                          
              
Then the differential equations (5-9) would appear in the following form: 
 
                                                                                                                                            
                
Where L is the differential operator matrix, U is the displacement vector defined by equation 
(12) and F is the vector of known functions of spatial coordinates and time related to loading. 
Equation (13) can be re-written in tensor notation as follows: 
 
                                                                                                                                           
 
If the unknown functions uj i.e. θ1 and w are approximated by a series expansion of terms where 
each term is a multiplication of a known function of spatial coordinate (r) i.e. a shape function 
and an unknown function of time (t) i.e. a generalised coordinate, then the method of weighted 
residuals can be applied directly to transform the governing PDE’s into ODE’s. In 
approximating the displacement functions by the sum of products of admissible spatial 
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functions and temporal functions the essential boundary conditions must be satisfied by the 
shape functions, however; in the weak formulation satisfying natural boundary conditions is not 
mandatory. The derived ODE’s can be solved exactly using the Laplace transformation in the 
Laplace domain (s-domain). Backward transformation into time domain (t-domain) provides 
the time history of generalised coordinates and thus the displacement functions. The 
aforementioned procedure is shown by equations (5-15) to (5-18). 
 
                   
                                                                                                           
 
   
 
         
          
 
                                                                                      
 
Where Ω=[0,R], λ=r/R, ψiα is the α-th shape function used in the approximation of the i-th 
component of the displacement vector and Giα represents the corresponding generalised 
coordinate. Summation convention is implied. The weighting functions in equation (5-16) are 
denoted by vβ and are the same as shape functions in this study (Galerkin’s method). 
 
The shape functions chosen for this problem are as follows: 
 
  
   
                                                                                                                                                       
  
   
                                                                                                                                   
 
Which renders functions θ1 and w functions of λ and t. 
             
The essential boundary conditions are then reformulated as follows: 
 
                                                                                                                                
 
                                                                                                                                               
 
  
  
      
  
  
                                                                                                                   
  
The formulation of the problem up to this point has been completely general as far as pulse 
loading shape is concerned. For the sake of numerical analyses and correlation with ABAQUS 
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three pulse shapes are assumed as shown in figure 5-3. These pulse shapes represent idealised 
blast load or contact force histories.  
 
 
Figure 5-3: Loading Profiles  
 
Equations (5-20a)-(5-20c) represent these pulse shapes as follows: 
 
                                                                                                                                     
 
                                                                                                                            
 
                                                                                                                          
 
Where η=t/td is the dimensionless time (with td being the loading duration), H is the Heaviside 
step function and β(η)=P(η)/P0 the dimensionless load amplitude. The results of the analyses 
conducted will be corroborated with finite element results obtained from ABAQUS.   
 
It should be noted that the two phases of forced and free vibration are linked by the following 
equations: 
  
            
                                                                                                                          
 
   
             
                                                                                                                          
 
Where the superscripts 1 and 2 denote forced and free vibration stages of response, 
respectively. 
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5.4 Numerical Analysis  
 
This section deals with numerical solution of the differential equations derived in the previous 
section. As an example, a typical sandwich lay-up with GFRP skins and a balsa wood core is 
assumed. This architecture has applications in industries where weight-sensitive blast resistant 
components are required. Table 5-1 shows the material properties selected for the sake of this 
study. Axis 3 denotes the thickness direction and the other axes correspond to in-plane 
directions.  
 
 
Table 5-1: Material elastic and plastic properties 
Property 
 
Material 
Density 
Young’s 
modulus 
Shear modulus Poisson’s ratio 
 
GRP 
 
 
2.1e-6 
E11: 17 G13: 2.9 υ13: 0.24 
E22: 17 G32: 3.2 υ 21: 0.05 
E33: 7.5 G21: 3.2 υ 23: 0.05 
 
Balsa 
-wood 
 
 
5.2e-8 
E11: 0.12 G12: 0.02 υ 12: 0.2 
E22: 0.12 G23: 0.157 υ 23: 0.0025 
E33: 3.9 G31: 0.157 υ 31: 0.0813 
Units: mm, ms, kg, kN 
 
Forced vibration response (phase 1) of the panel subjected to pulse loading is analyses by 
solving the ODE’s obtained from equation (5-16). For free vibration of the panel, the values of 
generalised coordinates and generalised velocities (initial conditions of the second phase of 
motion) are obtained based on the endpoint values of the forced stage (first phase). This is 
denoted by equations (5-21). 
  
A 3D finite element model of the same problem has been set up in ABAQUS 6.9 and has been 
analysed using the explicit module which is the suitable analysis procedure for this type of 
problem i.e to study the transient response when dynamic loading is involved. The model 
comprises 31395 elements and 44504 nodes thus 133512 degrees of freedom including 
Lagrange multipliers. The elements used are of C3D8R type which is an 8-node linear brick, 
reduced integration hourglass controlled element from ABAQUS library. The values of linear 
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and bulk viscosity parameters are set to zero to ensure the most accurate shock propagation 
modelling. Figure 5-4 shows the finite element model and figure 5-5 shows the deformed shape 
when subjected to a UDL pulse load with rectangular temporal distribution. A comparison of 
displacements obtained from the analytical model and ABAQUS are included in figures 5-6 to 
5-8 which shows a very good correlation given very few terms (5-5) were used in the 
approximation of the displacement functions. Material properties applied in the analytical are 
recorded in Appendix D. 
 
 
 
 
Figure 5-4: Finite element model of the circular sandwich panel 
 
 
 
 
Figure 5-5: Axisymmetric deformation and stress field under uniform pulse loading 
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Figure 5-6: Comparison of central displacement time histroies  
(Rectangular Pulse) 
Figure 5-7: Comparison of central displacement time histroies (Triangular Pulse) 
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5.5 Discussion and conclusions 
 
The third order shear deformation theory has been used in the present investigation to study 
forced and free vibration of a circular sandwich panel with symmetric architecture subjected to 
a pulse loading of arbitrary temporal and spatially uniform distribution (UDL). Both the core 
and the skins are made of transversally isotropic materials, the panel is circular and the loading 
pattern and, as a result, the response is axisymmetric. The governing differential equations 
(PDE’s) are derived by the application of Hamilton’s principle. The displacement components 
are approximated by series expansions terms of which are composed of polynomial shape 
functions and generalised coordinates. The analyses conducted are based on the application of 
weak form Galerkin’s method of weighted residuals which transforms the PDE’s into ODE’s. 
The governing ODE’s along with their boundary and initial conditions are transformed to 
s-domain using Laplace transformation. The results are obtained and transformed back to the 
t-domain. When compared with ABAQUS 6.9 there is a strong correlation even for few terms. 
Figure 5-8: Comparison of central displacement time histroies (Quarter Cosine Pulse) 
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The following conclusions are drawn from this study: 
 
1. The third order shear deformation theory can be easily applied to a sandwich panel to study 
the dynamic response when subjected to a pulse load. The zero shear natural boundary 
conditions at the top and the bottom of the panel are satisfied.  
 
2. Three pulse shapes are considered here which include rectangular, triangular and 
quarter-cosine profiles. These correspond to possible blast loading profiles. The results 
obtained from the analyses conducted correlate well with ABAQUS/Explicit even when 
few terms (in this case 5) are used in approximating the displacement functions. 
 
3. As compared to first order shear deformation theory (FSDT), TST does not require shear 
correction factors. This is important if interfacial stresses play a significant limiting role on 
the attainment of the full dynamic flexural capacity of the panel. 
 
4. Although developed here to particularly deal with thick sandwich panels TST is free from 
shear locking as its form approaches that of classical laminated plate theory CLPT when 
applied to a thin plate and thus is universally applicable. The only limitation of TST is the 
lack of a wave propagation facility through the layers of the plate, hence, for modeling large 
deformations, spalling and scabbing failure, FE modeling is still needed.   
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CHAPTER 6  
SANDWICH PANELS  
WITH DIFFERENT CORE SET-UPS 
 
6.1 Introductions  
 
A conventional sandwich panel is a layered structure consisting of two thin high-strength stiff 
face sheets separated by a low-density, thick core. The face sheets, usually made of metal or 
laminated composites, provide the primary flexural load carrying elements while the core 
bonded to skins serves as a shear resisting element and transfers the load between the facings. 
High strength, bending rigidity and light weight are the main advantages of conventional 
sandwich panels.  
 
While only recently blast resistance of sandwich panels has attracted attention, the performance 
of monolithic plates under dynamic loading has been studied extensively over the past few 
decades. To mention an example, A. J. Wang and H. G. Hopkins [1] carried out theoretical 
analyses on the plastic deformation of simply-supported and built-in circular thin plates under 
impulsive load in one of the earliest works on the topic. N. Jones [2] has conducted an 
extensive review of the literature on monolithic plates of elastic-plastic or rigid-plastic 
materials subjected to impact and blast.  
 
In the past 40 years, considerable work has been devoted to studying the various responses, 
failure modes and performance of modern sandwich panels with a compliant low strength, 
compressible core. Review of the early studies and their limitations is given by Vinson and 
Shore [3]. G. J. Dvorak and Suvorov [4-6] explored the behavior of sandwich plates under 
quasi-static loading and low velocity impact. Their work suggests ductile inter-layers inserted 
between the outer face-sheet and the foam core can absorb a significant amount of the incident 
energy and reduce the damage to the foam core. Subsequently, they carried out numerical tests 
to study the influence of core inter-layers in enhancing structural performance of sandwich 
panels under blast loads [4, 7]. Their results demonstrated that remarkable improvements in 
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impact damage resistance can be achieved by modifying the design of core layers. Hause and 
Librescu [8-10] explored the dynamic response of sandwich flat structures that incorporates the 
directional property of the materials of face sheets. From the analytical study of the dynamic 
response in bending of flat sandwich panels, they concluded that the most favourable ply-angle 
is indeed 45°, i.e. among the lay-ups of the form 0° / 90° / ζ° /- ζ ° / 0° /- ζ ° / ζ ° / 90° / 0° 
(ζ=30°,45°,60°) lay up 0° / 90° / 45° /-45° / 0° /-45° / 45° / 90° / 0° provides the lowest 
deflection of the panel. Su and McConnell [11] examined the influence of various material 
properties on energy absorption capacity of a single composite face-sheet under blast loading 
by a parametric study, and found that density, Young’s modulus and tensile strength have the 
strongest influence on energy absorption. They concluded that improving the strength of the 
core can significantly enhance the energy absorption capability of the sandwich panel. Yi et al. 
[12], Sarva et al. [13], have investigated the response of elastomers from low to high strain 
rates. Their results show that the large deformation stress-strain behavior of 
thermoplastic–elasomeric polyurethanes and elastomeric–thermoset polyureas is strongly 
dependent on strain rate. The polyurea layer, which is applied as one of the additional inter core 
layers of the sandwich panel studied in this paper, is seen to undergo transition from rubbery 
behavior at low rates to leathery behavior at the very high rates. Y. Yang et al. [14] have 
conducted a numerical study of a sandwich structure with and without a layer of polyurea in a 
blast scenario. Their results show that when there is no damage to the core the stress and energy 
levels are lower with PU compared to unenhanced sandwich panel. This in itself defers any 
damage to the core. When there is some damage in the core, the damage is more restricted 
when PU is used and better performance generally is achieved. Moreover, Xue and Hutchinson 
[15, 16], and Deshpande and Fleck [17-19] investigated and evaluated the overall response, 
plastic yield, and elastic buckling behavior of sandwich plates with cores of various geometry, 
shape and material property.  
 
Most recent of these works show sandwich panels have now been mainly applied in civilian 
and military fields as blast resistant structural members [8, 9, 12]. The additional core layers of 
the sandwich panel are used as sacrificial layers for blast mitigation due to their high energy 
absorption capability. Therefore, by inserting extra core inter-layers and through the protection 
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of the core, it is possible to maximise the potential for energy absorption. In this chapter, four 
different types of flat circular sandwich panels with equal total thickness have been considered. 
The structural response of each sandwich panel under global and local pressure loading 
conditions has been numerically studied. For each pressure load, three temporal loading profiles, 
which represent the dynamic, impulsive, and quasi-static regimes, have been applied. For 
models subjected to impulsive and dynamic loads, sandwich panels with and without core 
failure have been simulated. As a result, 50 numerical tests have been conducted. The 
commercial code, ABAQUS 6.9-1 Explicit [20], is used to conduct the finite element analyses 
(FEA).  Explicit finite element analyses of the sandwich plates are conducted to evaluate the 
local fields and overall response in conventional and modified, circular sandwich plates. 
Specific kinetic and strain energies and failure process have been compared. This ensures the 
improvement in relative as well as absolute terms and clarifies the trade-off margins. Moreover, 
similar to Li et al.’s study [21], an SDoF and a 2DoF mass-spring model have been developed, 
and used to qualitatively study the effect of additional core inter-layers on the overall dynamic 
performance of the sandwich panel. 
 
Designs of circular sandwich panel considered in this research are described in section 6.2 
including material properties, architecture and geometric configuration. Relevant FE models of 
circular sandwich plates are included in section 6.3; the numerical results are presented and 
discussed in section 6.4. The proposed qualitative models are expatiated in section 6.5 and the 
results obtained based on these models are compared and contrasted.  
 
 
6.2 Inputs 
This section deals with design inputs for different sandwich panel set-ups considered in the 
present study. 
 
6.2.1 Different Sandwich Set-ups 
 
As sketched in Figure 6-1 to 6-5, five equal overall thickness sandwich panels with different 
core set ups have been investigated in this work 
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Equal Thickness Models 
 
 
 
 
 
Figure 6-1: (Model Type 1) Standard Sandwich Panel  
 
 
 
 
 
 
 
Figure 6-2: (Model Type 2) Sandwich Panel with Polyurea 
  
 
 
 
 
 
 
Figure 6-3: (Model Type 3) Sandwich Panel with Crushable Foam 
 
 
 
 
 
 
 
Figure 6-4: (Model Type 4) Sandwich Panel with Polyurea and Crushable Foam 
 
 
 
 
 
 
Figure 6-5: (Model Type 5) Sandwich Panel with Crushable and Polyurea Foam 
 
tcore _1 = 14mm 
tGFRP = 2mm 
ta    = 1mm 
tGFRP = 2mm 
ta    = 1mm 
R = 250mm 
tGFRP = 2mm 
ta    = 1mm 
tpoly  = 2mm 
ta    = 1mm 
tcore_2 = 11mm 
tGFRP = 2mm 
ta    = 1mm 
R = 250mm 
R = 250mm 
tGFRP  = 2mm 
tGFRP  = 2mm 
ta     = 1mm 
tcore_4  = 8mm 
ta      = 1mm 
tcf     = 2mm 
ta     = 1mm 
ta     = 1mm 
tpoly   = 2mm 
tGFRP = 2mm 
ta    = 1mm 
tDH   =2mm 
ta    = 1mm 
tcore _3 = 11mm 
tGFRP = 2mm 
ta    = 1mm 
R = 250mm 
tGFRP  = 2mm 
ta     = 1mm 
tcore_4  = 8mm 
ta     = 1mm 
tGFRP  = 2mm 
tpoly   = 2mm 
ta      = 1mm 
R = 250mm 
tcf     = 2mm 
ta      = 1mm 
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As specified in the figures 6-1 to 6-5, the thicknesses of the core, Polyurea layer, Divincell-H 
layer, adhesive layer, and GFRP face sheets are denoted as tcore, tpoly, tcf, ta, tGFRP, respectively. 
The total thickness of the panel denoted by H is 20mm. The radius of circular sandwich panels, 
R is 250mm.  
 
Figure 6-1 shows the conventional sandwich Design (Model Type1), comprising two 2mm thin 
laminated GFRP composite facesheets bonded to a 14mm thick balsawood core, to form a 
symmetric sandwich cross-section.  
 
Figures 6-2 and 6-3 show the modified Designs (Models Type 2 and 3) features comprising a 
2mm thin polyurea interlayer, and a 2mm thin crushable foam interlayer, respectively, which is 
inserted between the outer facesheet and balsawood core. The thickness of the core reduced 
from tcore_1=14mm to tcore_2 = tcore_1- ta –tpoly=11mm.   
 
The optimised designs (Models Type 4 and 5) are presented in figures 6-4 and 6-5. These two 
optimised designs, each has both a 2mm polyurea and a 2mm crushable foam interlayer. Hence, 
the thickness of the balsawood core for these two types of model is reduced from 14mm to 
8mm, and only the configurationally different feature between the two is the sequence of 
polyurea and crushable foam inter-layers. Model type 4 has the polyurea layer on the top of the 
crushable foam layer (i.e. closer to blast incident loading side of the GFRP facing sheet). 
 
 
6.2.2 Material Properties Inputs 
 
Material properties of the laminated GFRP face-sheet, balsawood core, adhesives and 
additional inter-layers i.e. polyurea and crushable foam H200 are listed in Table 6-1.  
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Table 6-1 Material Properties of Sandwich Panels 
 
Property 
 
Material 
Density Young’s 
modulus 
Shear 
modulus 
Poisson’s 
ratio 
Plasticity Rate Dependent 
σture_y εy   
 
Polyurea 
 
1.02e-6 
 
0.11 
 
0.51 
 
0.49 
0.0045 0 1 0 
0.0075 0.2 1.08889 0.1 
0.0085 0.4 1.26667 1 
0.01 0.6 2.2 10 
0.037 1  
Adhesive 1.7e-6 3 5 0.25 σnormal_c τ1st_c τ1st_c 
0.001 0.03        0.03 
Foam 
H200 
 
2e-7 
 
0.245 
 
0.085 
 
0.44 
Compression Yield Stress 
Ratio 
Hydrostatic Yield Stress 
Ratio 
0.9 1.44 
 
GRP 
 
 
2.1e-6 
E11: 17 G13: 2.9 13: 0.24  
            Plasticity  
 
E22: 17 G32: 3.2 21: 0.05 
E33: 7.5 G21: 3.2 23: 0.05  
 
Balsa 
-wood 
 
 
5.2e-8 
E11: 0.12 G12: 0.02 12: 0.2 α12:0 α44:109.7 α11:80.6 ηc =0.02  
E22: 0.12 G23: 0.157 23: 0.0025 α23:0 α55: 6.2 α22:80.6 η1:0.0127 εp1:0 
E33: 3.9 G31: 0.157 31: 0.0813 α31:0 α66: 6.2 α33: 2 η2:0.0137 εp1:0.1 
Units: kN, mm, ms, kg 
 
The face-sheets are made of GFRP with the stacking sequence 0° / 90° / 45° /-45° / 0° /-45° / 45° 
/ 90° / 0°. The glass fibre is assumed to be linearly elastic which is a valid hypothesis as long as 
shear core failure is the dominant failure mode. Some matrix cracking is expected in extreme 
cases, however; the overall response of GFRP laminates under blasting load is expected to be 
elastic. Therefore, the face-sheets are simulated as homogeneous, transversely isotropic elastic 
composite material layers with average through thickness properties taken as directional moduli. 
This further implies no delamination occurs in the laminate.  
 
The core features transversally isotropic properties with the plane of isotropy being 
perpendicular to x3 (i.e. plane 1-2), and is modeled as a homogeneous transversely isotropic 
material layer. Elastic constitutive (compliance) matrix for the core follows the standard 
Cauchy stress-Lagrange strain relationship. As for plastic behavior a dilatational plasticity 
model is assumed based on Xue and Hutchinson [22]. The failure criterion of the core is a 
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quadratic out-of-plane shear stressed based criterion, and is also based on Xue and 
Hutchinson’s work [22]. A VUMAT user subroutine is developed to simulate the plastic 
response as well as shear failure of the core. Details have been discussed in Chapter 2. It is 
based on the convex yield locus of equation (6-1) as follows: 
 
   
              
              
              
         
         
 
        
        
        
        
                                                
 
The polyurea is a rate-sensitive, elastic-plastic material. The material property of polyurea 
applied in this work is obtained from Data point labs Report [23]. The stiffness of polyurea 
enhances as the rate of strain increases. As shown in table 6-1, polyurea layers are nearly 
incompressible while much stiffer than the balsawood core. 
 
 
The H200 crushable foam is an 
isotropic, closed cell foam, which has 
density = 2.0 e -7 kg/mm
3
, and a cell 
size of approximately 200 μm. As a 
ductile cellular material, under 
uniaxial compressive load, its stress 
-strain curve has initial elastic and a 
plateau stress regime shown in Figure 
6-6. The plastic plateau is extended 
over a wide strain range up to 50%. 
Larger strains characterise a 
densification phase with a very high 
modulus of elasticity. This has been taken into account in the numerical simulations of this 
work. H200 is able to mitigate shocks, to attenuate impulse, and to absorb impact energy. 
Hence, it is applied here as an additional core layer of the sandwich panel to protect balsawood 
core.  
 
Figure 6-6 Uniaxial compressive and tensile responses of    
        the H200 foam. [18] 
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According to Deshpande and Fleck [18], the H200 foams have lower yield strengths in uniaxial 
compression than in uniaxial tension. Nonetheless, the difference in most cases is not 
substantial and would be subtle to implement. Equation (6-2) is used in FE models in this 
research as the yield criterion for H200 foams. 
 
  
 
    
 
  
 
 
    
       
     
                                                                      
 
where ζY is the uniaxial yield strength of the foam, and α is the ratio of the shear to hydrostatic 
yield strength, which defines the shape of the yield surface.  
 
It is worth to mention that Li et al [21] have adopted a single-degree-of-freedom mass-spring 
model to study the shock wave propagation in the solid phase of a cellular material, such as the 
H200 foam; they showed that a cellular material is in advantage in reducing structural damage 
induced by low velocity impact or low intensity blast pulse. On the other hand, their research 
results show the possibility of shock enhancement in a cellular material. During the stress wave 
propagation in a cellular material, the momentum and energy will decrease due to the 
non-linear dissipation. However, the peak stress can be amplified which can turn the beneficial 
effect of the foam into detrimental. This means when a cellular material is used in protective 
structures to resist blast shock, the protective function of a cellular material could be rendered 
questionable. They also proved that a structural element subjected to blast loads, fails by 
transverse shear under high pressure-intensity in a less efficient mode in terms of energy 
absorption than in bending and membrane modes [24]. In the present study, only the solid phase 
of H200 is considered. The gas phase is ignored as the stress transmission is mainly determined 
by the solid phase for the cellular material with relatively high density. The minor strain rate 
sensitivity of the H200 foam is not considered in this paper. The material property for H200 
used in this research is obtained from Divinycell H Technical Data [25]. 
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6.3 Finite Element (FE) Modelling 
 
Finite element (FE) models of each type of circular sandwich plates described in section 6.2 
were created using ABAQUS 6.9-1. The shock responses are simulated and investigated. 
Specific kinetic energies (KE), strain energies (SE) and central deflection (DEF) were recorded 
from these FE tests.  
 
6.3.1 Load and Boundary Conditions 
 
Firstly, the natural frequency (fn) of the first mode vibration was obtained from the FE frequency 
analysis on the conventional sandwich panel (Model 1). Due to the dominant effect of flexure on 
mode 1 it is assumed that natural frequencies of other models are similar. For model 1 fn = 0.23 KHz. 
(the associated mode of deflection is shown in Figure 6-7).  
Based on this, the natural period (Tn) of the first mode is obtained as Tn = 1/fn = 4.4 ms. 
 
 
Figure 6-7: Natural Frequency Obtained from a FE Frequency Analysis 
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50 numerical tests have been conducted. The loading and boundary conditions are shown in 
Figure 6-8 and listed in Table 6-2. The circular sandwich panels are supported at the edge of the 
bottom face-sheet representing the simply supported condition, and a global uniform distributed 
pressure load (UDL) (equation (6-3a)) or a localized pressure load of amplitude   
  with the 
spatial loading profile shown in Figure 6-9 (equation (6-3b)) is applied on the top face-sheet. 
 
        
                                                                                                                                      
 
        
  
  
 
      
  
                       
        
                                                            
                                                                     
 
The loading profile is defined completely if the temporal part is also defined. One such 
definition is articulated by equation (6-4). This means the temporal and spatial parts of the load 
are independent of one another and the shape of the spatial distribution remain the same. 
 
                                                                                                                                                
 
The G(t) is a triangular pulse shape defined unanimously as follows by equation (6-5). 
 
      
        
                        
                                        
                                                                                                 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6-8 Loading and Boundary Conditions 
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Table 6-2 Loading Conditions of 50 numerical tests 
Model No. Configuration Loading Condition 
SP01 Model Type 1, Standard Dynamic, 0.1x10
-3
 kN/mm
2
, UDL 
SP02 Model Type 2, Polyurea Dynamic, 0.1x10
-3
 kN/mm
2
, UDL 
SP03 Model Type 3, Crushable Foam Dynamic, 0.1x10
-3
 kN/mm
2
, UDL 
SP04 Model Type 4, Polyurea+ Crushable Foam Dynamic, 0.1x10
-3
 kN/mm
2
, UDL 
SP05 Model Type 5, Crushable Foam+Polyurea Dynamic, 0.1x10
-3
 kN/mm
2
, UDL 
SP06 Model Type 1, Standard Dynamic, 0.3x10
-3
 kN/mm
2
, UDL 
SP07 Model Type 2, Polyurea Dynamic, 0.3x10
-3
 kN/mm
2
, UDL 
SP08 Model Type 3, Crushable Foam Dynamic, 0.3x10
-3
 kN/mm
2
, UDL 
SP09 Model Type 4, Polyurea+ Crushable Foam Dynamic, 0.3x10
-3
 kN/mm
2
, UDL 
SP10 Model Type 5, Crushable Foam+Polyurea Dynamic, 0.3x10
-3
 kN/mm
2
, UDL 
SP11 Model Type 1, Standard Impulsive, 0.1x10
-3
 kN/mm
2
, UDL 
SP12 Model Type 2, Polyurea Impulsive, 0.1x10
-3
 kN/mm
2
, UDL 
SP13 Model Type 3, Crushable Foam Impulsive, 0.1x10
-3
 kN/mm
2
, UDL 
SP14 Model Type 4, Polyurea+ Crushable Foam Impulsive, 0.1x10
-3
 kN/mm
2
, UDL 
SP15 Model Type 5, Crushable Foam+Polyurea Impulsive, 0.1x10
-3
 kN/mm
2
, UDL 
SP16 Model Type 1, Standard Impulsive, 0.6x10
-3
 kN/mm
2
, UDL 
SP17 Model Type 2, Polyurea Impulsive, 0.6x10
-3
 kN/mm
2
, UDL 
SP18 Model Type 3, Crushable Foam Impulsive, 0.6x10
-3
 kN/mm
2
, UDL 
SP19 Model Type 4, Polyurea+ Crushable Foam Impulsive, 0.6x10
-3
 kN/mm
2
, UDL 
SP20 Model Type 5, Crushable Foam+Polyurea Impulsive, 0.6x10
-3
 kN/mm
2
, UDL 
SP21 Model Type 1, Standard Quasistatic, 0.1x10
-2
 kN/mm
2
, UDL 
SP22 Model Type 2, Polyurea Quasistatic, 0.1x10
-2
 kN/mm
2
, UDL 
SP23 Model Type 3, Crushable Foam Quasistatic, 0.1x10
-2
 kN/mm
2
, UDL 
SP24 Model Type 4, Polyurea+ Crushable Foam Quasistatic, 0.1x10
-2
 kN/mm
2
, UDL 
SP25 Model Type 5, Crushable Foam+Polyurea Quasistatic, 0.1x10
-2
 kN/mm
2
, UDL 
Figure 6-9 Localized pressure load 
 r 
ro 
Po* 
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SP26 Model Type 1, Standard Dynamic, 0.1x10
-3
 kN/mm
2
, Local 
SP27 Model Type 2, Polyurea Dynamic, 0.1x10
-3
 kN/mm
2
, Local 
SP28 Model Type 3, Crushable Foam Dynamic, 0.1x10
-3
 kN/mm
2
, Local 
SP29 Model Type 4, Polyurea+ Crushable Foam Dynamic, 0.1x10
-3
 kN/mm
2
, Local 
SP30 Model Type 5, Crushable Foam+Polyurea Dynamic, 0.1x10
-3
 kN/mm
2
, Local 
SP31 Model Type 1, Standard Dynamic, 0.3x10
-3
 kN/mm
2
, Local 
SP32 Model Type 2, Polyurea Dynamic, 0.3x10
-3
 kN/mm
2
, Local 
SP33 Model Type 3, Crushable Foam Dynamic, 0.3x10
-3
 kN/mm
2
, Local 
SP34 Model Type 4, Polyurea+ Crushable Foam Dynamic, 0.3x10
-3
 kN/mm
2
, Local 
SP35 Model Type 5, Crushable Foam+Polyurea Dynamic, 0.3x10
-3
 kN/mm
2
, Local 
SP36 Model Type 1, Standard Impulsive, 0.1x10
-3
 kN/mm
2
, Local 
SP37 Model Type 2, Polyurea Impulsive, 0.1x10
-3
 kN/mm
2
, Local 
SP38 Model Type 3, Crushable Foam Impulsive, 0.1x10
-3
 kN/mm
2
, Local 
SP39 Model Type 4, Polyurea+ Crushable Foam Impulsive, 0.1x10
-3
 kN/mm
2
, Local 
SP40 Model Type 5, Crushable Foam+Polyurea Impulsive, 0.1x10
-3
 kN/mm
2
, Local 
SP41 Model Type 1, Standard Impulsive, 0.1x10
-2
 kN/mm
2
, Local 
SP42 Model Type 2, Polyurea Impulsive, 0.1x10
-2
 kN/mm
2
, Local 
SP43 Model Type 3, Crushable Foam Impulsive, 0.1x10
-2
 kN/mm
2
, Local 
SP44 Model Type 4, Polyurea+ Crushable Foam Impulsive, 0.1x10
-2
 kN/mm
2
, Local 
SP45 Model Type 5, Crushable Foam+Polyurea Impulsive, 0.1x10
-2
 kN/mm
2
, Local 
SP46 Model Type 1, Standard Quasistatic, 0.5x10
-3
 kN/mm
2
, Local 
SP47 Model Type 2, Polyurea Quasistatic, 0.5x10
-3
 kN/mm
2
, Local 
SP48 Model Type 3, Crushable Foam Quasistatic, 0.5x10
-3
 kN/mm
2
, Local 
SP49 Model Type 4, Polyurea+ Crushable Foam Quasistatic, 0.5x10
-3
 kN/mm
2
, Local 
SP50 Model Type 5, Crushable Foam+Polyurea Quasistatic, 0.5x10
-3
 kN/mm
2
, Local 
 
 
As it can be seen from table 2, three loading cases have been considered for each type of model.  
 
The different loading regimes i.e. Impulsive, Dynamic, Quasi-static are chosen in agreement to 
[25] (explained in Chapter 2, section 2.6) with impulsive, dynamic and quasi-static (td/Tn) being 
0.11, 0.4, 18.3, respectively. The results are included in the next section. 
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6.3.2 Failure Modes 
 
The failure modes for the numerically tested specimens are concluded in table 6-3, and the 
failure patterns associated with these models are recorded in Appendix F. 
 
Table 6-3 Failure modes of 50 numerical specimens 
Model No. Failure Mode 
Failure starting 
time 
SP01 No Failure  NA 
SP02 No Failure  NA 
SP03 No Failure  NA 
SP04 No Failure  NA 
SP05 No Failure  NA 
SP06 Core Failed in Shear  1.28ms 
SP07 Core Failed in Shear  1.6ms 
SP08 Adhesive Failed in tension between the bottom face-sheet & the core  4.16ms 
SP09 Adhesive Failed in tension between the bottom face-sheet & the core  4.48ms 
SP10 Adhesive Failed in tension between the bottom face-sheet & the core  4.48ms 
SP11 No Failure  NA 
SP12 No Failure  NA 
SP13 No Failure  NA 
SP14 No Failure  NA 
SP15 No Failure  NA 
SP16 Core Failed in Shear  0.8ms 
SP17 Core Failed in Shear 0.96ms 
SP18 Adhesive Failed in tension between the bottom face-sheet & the core 3.68ms 
SP19 Adhesive Failed in tension between the bottom face-sheet & the core 4.16ms 
SP20 Adhesive Failed in tension between the bottom face-sheet & the core 4.16ms 
SP21 Core Failed in Shear  20.83ms 
SP22 Core Failed in Shear  22ms 
SP23 Core Failed in Shear  22.5ms 
SP24 Core Failed in Shear  18.5ms 
SP25 Core Failed in Shear  18.9ms 
SP26 No Failure  NA 
SP27 No Failure  NA 
SP28 No Failure  NA 
SP29 No Failure  NA 
SP30 No Failure  NA 
SP31 Core Failed in Shear  1.76ms 
SP32 Core Failed in Shear 1.92ms 
SP33 Adhesive Failed in tension between the bottom face-sheet & the core 4.32ms 
SP34 Adhesive Failed in tension between the bottom face-sheet & the core 4.64ms 
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SP35 Adhesive Failed in tension between the bottom face-sheet & the core 4.64ms 
SP36 No Failure  NA 
SP37 No Failure  NA 
SP38 No Failure  NA 
SP39 No Failure  NA 
SP40 No Failure  NA 
SP41 Core Failed in Shear 1.21ms 
SP42 Core Failed in Shear 1.28ms 
SP43 Adhesive Failed in tension between the bottom face-sheet & the core 3.84ms 
SP44 Adhesive Failed in tension between the bottom face-sheet & the core 4.32ms 
SP45 Adhesive Failed in tension between the bottom face-sheet & the core 4.32ms 
SP46 Core Failed in Shear 20.1ms 
SP47 Core Failed in Shear 21.3ms 
SP48 Core Failed in Shear 20.6ms 
SP49 Core Failed in Shear 19.2ms 
SP50 Core Failed in Shear 19.2ms 
 
 
 
As it is shown in table 6-3, for sandwich panels under global UDL cases, none of the five types 
of specimens (SP1) to (SP5), under 0.1x10
-3
 kN/mm
2
 dynamic pressure, failed. When the 
dynamic pressure was increased to 0.3x10
-3
 kN/mm
2
, however; the core of Model Type 1 (SP6) 
and Model Type 2 (SP7) failed in shear. Model Type 3 (SP8), 4 (SP9) and 5 (SP10) did not fail 
with a core failure; instead, they failed at the interface between the core and bottom GFRP 
face-sheet. For the impulsive loading cases, under 0.1x10
-3
 kN/mm
2
 shock load, none of the 
models were damaged. When the pressure was increased to 0.3x10
-3
 kN/mm
2
, the core of 
Model Type 1 (SP16) and 2 (SP17) failed in shear. Model Type 3 (SP18), 4 (SP19) and 5 (SP20) 
failed at the adhesive layer between the core and the bottom face-sheet. Similar failure modes 
are shown for the sandwich panels under localized load cases. (SP26) to (SP30) did not fail 
under 0.1x10
-3
 kN/mm
2
 UDL pressure. While the load is increased to 0.3x10
-3
 kN/mm
2
 the core 
of Model Type 1 (SP31) and Model Type 2 (SP32) failed in shear. Model Type 3 (SP33), 4 
(SP34) and 5 (SP35) failed at the interface between the core and bottom GFRP face-sheet. For 
the impulsive loading cases, all the models survived under 0.1x10
-3
 kN/mm
2
 shock load. When 
the pressure was increased by a factor of 10 to 0.1x10
-2
 kN/mm
2
, the core of Model Type 1 
(SP41) and 2 (SP42) failed in shear. Model Type 3 (SP43), 4 (SP44), and 5 (SP45) failed at the 
adhesive layer between the core and the bottom face-sheet. This does indicate that the 
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additional layers do have an effect on the failure mode and are able to protect the balsawood 
core by absorbing energies and reflecting wave, more details will be discussed in the next 
section. However, from the results of the quasi-static tests, it also shows that by adding 
additional core layers, and reducing the thickness of the balsawood core does decreases the 
strength of the panel under static load. 
 
6.4 Analysis and discussion of FE results 
 
The kinetic and strain energies of each layer of the sandwich panel were recorded from the FE 
analyses. Both kinetic and strain energies in the core, top and bottom face-sheet of the dynamic 
tests SP1 to SP5 are plotted in figure 6-10 to 6-15. 
 
 
 
 
 
 
 
Figure 6-10: Kinetic energies in the core of models in dynamic cases (UDL) 
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Figure 6-11: Kinetic energies in the top GFRP face-sheet of models in dynamic cases (UDL) 
           (*note: Top face-sheet is to one facing the blast) 
Figure 6-12: Kinetic energies in the bottom GFRP face-sheet of models in dynamic cases (UDL) 
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Figure 6-13: Strain energies in the core of models in dynamic cases (UDL) 
Figure 6-14: Strain energies in the top GFRP face-sheet of models in dynamic cases (UDL) 
            (*note: Top face-sheet is to one facing the blast) 
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As it is clearly emerging from Figure 6-10, comparing the standard panel (SP1) with the 
modified panel with additional crushable foam layer (SP1), there is a 30% reduction in kinetic 
energy in the core of the sandwich panel under dynamic load. By comparing SP1 with the 
optimised sandwich panel SP2, SP4 and SP5, it can be seen that there is a further 20%, and 30% 
reduction, respectively.  
 
Similar results can be seen in Figures 6-11 to 6-15. This shows additional core layers of the 
proposed modifications to the conventional sandwich panel design does provide a means of 
kinetic and strain energy absorption and enables the set-up to protect the core. Moreover, by 
investigation into Figure 6-10 to 6-15, it can be found that the Model Tyep4 and 5 always have 
the same curve. This indicated that the sequence of polyurea and crushable foam layers does 
not have any influence on energy absorbing effects. This denotes plastic deformation in these 
core layers takes place irrespective of order. It further shows the relative mechanical impedance 
mismatch between the protective layers is irrelevant as long as the layer adjacent to core has a 
higher impedance. The kinetic energies in the core of the models subjected to 0.0003kN/mm
2
 
impulsive load (SP16 to20) are plotted in Figure 6-16. The same as the dynamic cases, energy 
Figure 6-15: Strain energies in the bottom GFRP face-sheet of models in dynamic cases (UDL) 
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Figure 6-16:  Kinetic energies in the core of models with failures in impulsive cases (UDL) 
absorbing effects can be seen from this figure, which explains the reason why core of Model 
Type 4 and 5 were able to survive under the impulsive load, but standard Model Type 1 were 
not. 
 
 
 
 
 
For the local pressure cases, both kinetic and strain energies in the core, top and bottom 
face-sheet of the dynamic tests SP26 to SP30 are plotted in figure 6-17 to 6-22. The same 
conclusions can be drawn by comparing the kinetic and strain energies. There is a 37.5% 
reduction in kinetic energy in the core of the sandwich panel with additional crushable foam 
layer (SP28) under dynamic load, and a further 20%, 30% reduction for the panel SP27, SP 29 
respectively. The same as the UDL cases, energy absorbing effects can also be seen from the 
outputs of the models under localized impulsive pressure, plotted in figure 6-23. 
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Figure 6-17: Kinetic energies in the core of models in dynamic cases (Local) 
Figure 6-18: Kinetic energies in the bottom GFRP face-sheet of models in dynamic cases (Local) 
 
 
Figure 6-19 Kinetic energies in the top GFRP face-sheet of models in dynamic cases (Local) 
           (*note: Top face-sheet is to one facing the blast) 
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Figure 6-20:  Strain energies in the core of models in dynamic cases (Local) 
Figure 6-22: Strain energies in the top GFRP face-sheet of models in dynamic cases (Local) 
            (*note: Top face-sheet is to one facing the blast) 
 
Figure 6-21: Strain energies in the bottom GFRP face-sheet of models in dynamic cases (Local) 
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Figure 6-23: Kinetic energies in the core of models without failures in impulsive cases (Local) 
 
 
 
Figure 6-24 shows that under the initial uniformly applied pressure, the highest stress appeared 
at centre of the panel, and under the incident compression wave caused by the blast load, the 
crushable foam starts to deform and the polyurea interlayer stiffens gradually and shields the 
balsawood core shown in Figure 6-25. This explains why Model Type 4 (SP19) and 5 (SP20) 
did not fail under the impulsive load as it is shown in Figure 6-16. 
 
Figure 6-24: Stress distribution of model SP19 at t=0.96ms and 80ms. 
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Figure 6-26 Failure progress in the core of model SP7 at 1.6 ms, 2.0 ms and 14.56 ms 
 
 
 
 
 
 
 
 
 
 
 
The failure progress of SP7 is shown here as an example. As seen from Figure 6-26, the cores failed 
in shear at 1.6ms, the initial failure started in the middle layer of core, and then appeared at the edge 
of bottom surface. The failure circle spread towards the centre, and eventually caused the 
penetration. Figure 6-27 shows that model SP8 failed at the interface between the bottom face-sheet 
and the core. This type of failure is caused by the reflected tensile wave.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6-25: Model Type 4 (SP19) under the incident compression. 
Crushable foam 
starts to deform 
The polyurea 
interlayer stiffens 
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6.5 Qualitative Models 
 
Two mass-spring models (Models A and B shown in figure 6-28) have been set up to study the 
energy absorbing effects of the additional core layers qualitatively. 
 
 
   
            
 
(a)                                    (b) 
 
Ks is the shear stiffness, which is assumed to be the shear stiffness of the core, Kb is the bending 
stiffness which is assumed to be the bending stiffness of the GFRP skins, and Km is the membrane 
stiffness, which is assumed to be the membrane stiffness of the facing. P is the external load. M 
Figure 6-27: Adhesive layer failed in tension between the 
bottom face-sheet & the core (Model SP8) 
Figure 6-28: (a) Model A – without additional inter-core layer,  
           (b) Model B – with additional inter- core layer 
                
P(t) 
 βM 
Kb αKs 
Km 
u(t) 
 m 
uc(t) 
P(t) 
 M 
Kb Ks 
Km 
u(t) 
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represents the mass of the original standard sandwich panel. m represents the additional mass of the 
inter-core layer. u, and uc are displacements of masses M and m, respectively. They both are 
functions of time. Γ is the resistance of the additional core layers. As it is shown in figure 6-28 (b), it 
is a function of displacement and velocity. Hence, the strain rate sensitivity is considered in this 
study. 
 
For Model A, we have the equation of motion as follows: 
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We derived equation 6-10 from equation 6-6: 
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R is the radius of the panel. 
Equation 6-10 can be written as: 
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The dimensionless form of equation 6-12 can be written as: 
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For Model B, we have the equation of motion as follows: 
 
 
              
                                                                               
          
        
  
          
                                       
  
 
where 
α is the stiffness ratio, and       
β is the mass ratio, and       
Given: 
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We derived equation 6-27 from equation 6-23: 
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We have: 
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The dimensionless form of Eq 6-29 can be written as: 
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Eq 6-17b can be written as 
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The dimensionless form of Eq 6-35 can be written as: 
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Here we input the following material properties for the qualitative study. 
M = 1.5 kg; m =1 kg; Kb = 2kN/mm; Ks = 1.2 kN/mm; Km = 0.0002 kN/mm; R = 100mm; n =0.2; 
χ = 1; α = 0.8; β = 0.9;  
The loading condition is: 
Loading duration, td = 2ms;  
                         
 
  
  
                     
where Po = 0.01kN 
The initial conditions are: 
                                                                                                                         
                                                
By using the fourth order Runge-Kutta method, the dimensionless equation of motion of Mode A 
(i.e. equation 6-16) and the dimensionless equation of motion set of Mode B (i.e. equation 6-31, 
6-33 and 6-36, 6-38) can be solved. The displacement output, w* from model A, and w from Model 
B are plotted in figure 6-29. The strain energy U and kinetic energy T are plotted in figure 6-30 and 
6-31, respectively.  
 
 Figure 6-29: Displacement output from Model A and B 
w,w* 
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As it shows in figure 6-29 to 6-31, same as FE numerical tests indicated, the additional inter-core 
layers can reduce the strain energy and kinetic energy significantly, which has the effect of 
protecting the core of the sandwich panel from over deformation. Hence, maintain the structure 
integrity and enhance the structural performance under blasting loading conditions. 
Figure 6-30: Strain energy output from Model A and B 
Figure 6-31: Kinetic energy output from Model A and B 
T(A), 
T(B) 
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6.6 Conclusions 
 
In conclusion, 50 numerical FE tests and a qualitative mass-spring study have been conducted 
to investigate the global and local blast resistance of sandwich panels with different core 
set-ups under various loading conditions. The key points found in this research are: 
 
1) The stiffening polyurea interlayer applied in Models Type 2, 4 and 5, appears to absorb the 
induced shockwave, and thus protect the balsawood core. 
2) The crushable foam interlayers applied in Models Type 3, 4 and 5 offer support to the 
face-sheet and at the same time absorb energy by deformation and crushing; and are able to 
protect the core from excessive deformation.  
3) The shear failure of the core starts at the middle layer, and the failure circle appears at the top 
and bottom surfaces, spreads toward the centre and causes the final failure. 
4) The sequence of polyurea and crushable foam inter layers does not have any influence on 
energy absorbing effects. 
5) By using additional core layers, it is possible to have a reduction in the level of kinetic and 
strain energies in the core and faces. Hence, it will change the failure mode of the sandwich 
panel. Instead of the core failure, the sandwich panel could fail at the interface between the core 
and the bottom GFRP face-sheet. 
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CHAPTER 7  
METAMATERIALS 
  
7.1 Introduction 
 
Many works of research have been conducted relevant to phononic frequency pass and stop 
bands. To mention a few Kushwaha et al. [1] provided one of the earliest calculations of 
acoustic band gaps in a simple periodic composite. Nevertheless, their calculation was limited 
to the case of anti-plane shear. Zalipaev et al. [2]   also considered anti-plane shear and 
studied the transition from two-dimensional (2D) wave propagation through the square periodic 
structure in time-harmonic case to a discrete parameter model of a 2D lattice with masses 
connected by springs. Martinsson and Movchan [3] provided a simple method to calculate band 
gaps with special attention paid to the connection between microstructural geometry and the 
presence of band gaps. Lumped-mass method for the study of band structure in 2D phononic 
crystals was considered by G. Wang et al. [4]. They presented a lumped-mass model, based on 
the discretization of a continuous system, which works in the direct space (r-space) and allows 
computing the band structures of 2D phononic crystals. J. Li [5] studied double negative 
acoustic metamaterials in which both the effective density and bulk modulus are simultaneously 
negative. Their double-negative acoustic system is an acoustic analogue of Veselago’s medium 
in electromagnetism [6], and shares with it many unique consequences, such as negative 
refractive index. This implies the well-known analogy between mechanical and electrical 
systems known for almost two centuries [3]. Huang and Sun [8] studied the wave attenuation 
mechanisms in acoustic metamaterials of negative effective mass density. The metamaterial 
under consideration consisted of locally resonant mass-in-mass units which when homogenized 
would have negative effective density.  Any such homogenization theory allows for obtaining 
coarse-scale variation of field variables associated with a heterogeneous medium when the 
scale ratio, i.e. the ratio between fine and coarse scales, tends to zero while essential features 
are restored and represented faithfully. Locally resonant sonic materials were also studied by 
Liu et al. [9]. They fabricated sonic crystals, based on the idea of localized resonant structures, 
which exhibited spectral gaps with a lattice constant two orders of magnitude smaller than the 
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relevant wavelength. Lattice constant refers to the directional distance between primitive cells 
defined for a lattice material i.e. a material of reticulated structure obtained by tessellating the 
primitive cell along a finite number of fixed predefined directions. 
 
Besides the studies conducted on wave propagation behaviour of lattices in the direct space 
(r-space), the reciprocal lattice formulation (formulation in k-space) is employed by researchers. 
There are several advantages in employing the k-space formulation. To mention an example, in 
Truesdell continuum mechanics Helmholtz decomposition allows for lamellar and solenoidal 
parts of a vector field to be considered separately. The curl and divergence operators in r-space 
simply turn into cross and dot products in k-space, respectively. As mentioned in Chapter 3, 
Kittel [10] and Brillouin [11] contain the details of the formulation of a wave problem in 
k-space.  In a recent study Phani et al. [12] investigated plane wave propagation in infinite 2D 
periodic lattices using Floquet-Bloch principles. They formulated the exact finite element 
model of the problem based on the Timoshenko beam elements thus extracted frequency band 
gaps and examined spatial filtering phenomena in four representative planar lattice topologies 
viz. hexagonal honeycomb, Kagomé lattice, triangular honeycomb, and the square honeycomb.  
 
When a metamaterial is of the form of an infinite lattice with lumped masses and spring 
stiffness elements the band structure characteristics can be obtained using such a method. An 
interesting feature of such phononic metamaterials would then be the possibility to tailor the 
band structure by altering the inertial and stiffness properties of the primitive cell.   
 
In this Chapter, the band structure for anisotropic 2D metamaterials comprising locally resonant 
mass-in-mass units connected by spring stiffness elements is studied.  Section 7.2 deals with 
the formulation of the representative anisotropic 2D phononic metamaterial as an infinite lattice 
with lumped masses and discrete stiffness elements of different directional characteristics (thus 
the term ―anisotropic‖). The situation is similar to that of a locally resonant unit embedded in a 
matrix of different material with vertical and horizontal distances of the units being different 
(source of anisotropy).In section 7.3 Floquet-Bloch’s principle, which has been applied in 
Chapter 3, is applied here to study the band structure of the 2D lattice, as the wave vector is 
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assumed to be attenuation free the position of the primitive cell in the lattice is irrelevant to the 
change in the complex amplitude when wave passes through the cell. It shows the existence and 
the extent of the phenomenon of frequency filtering in this class of structures. This section is 
followed by section 7.4 which is a parametric study on the mass and stiffness ratios. Only these 
ratios are important and physically meaningful. Thus, for the sake of this study 
non-dimensional parameters are extracted using Buckingham’s Pi-theorem and used. Only the 
case of resemblant anisotropy is considered and the dependence of band structure on 
non-dimensional parameters observed is discussed. It has been shown that there is an optimal 
point at which the widest band gap of lower frequencies is achieved.  The study is concluded 
in section 7.5. 
 
7.2 The Discrete Parameter Anisotropic 2D Metamaterial 
 
7.2.1 Formulation 
This section deals with the formulation of the problem under consideration. Consider an infinite 
2D medium comprising an infinite number of locally resonant mass-in-mass units placed 
periodically in a soft massless matrix material as schematically depicted in figure 7-1.The 
resulting metamaterial forms a repetitive structure i.e. a heterogeneous phononic lattice which 
forbids elastic wave propagation within its frequency band gap. The effect of matrix can be 
summarised as elastic springs thus a lattice of type figure 7-2 is ensued.  If the small 
interaction zone in the matrix is assumed to have a negligible effect on the stiffness of springs 
the parameters of springs can be deduced independently and easily based on the elastic modulus 
of matrix material as shown by equations (7-1)-(7-4).  
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Where D is the diameter of the outer mass, a denotes the horizontal distance between the 
mass-in-mass units and b the vertical distance. Length of the inclined spring is shown by L= 
(a
2
+b
2
)
1/2 
.Unit thickness has been assumed thus cross sectional area of the spring A=D. The 
internal spring parameters (kiu and kiv) as well as the masses of particles (2mi and 2Me) are 
known. 
 
Kiu
Kiv
2mi
2Me
Matrix
Matrix
Matrix
Locally resonant mass-
in-mass unit
 
 
Figure 7-1: Schematic of an anisotropic metamaterial with locally resonant units 
 embedded in a massless matrix (a locally resonant unit is depicted enlarged) 
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Figure 7-2: The discrete parameter model of a metamaterial 
 
Each mass-in-mass unit can be regarded as two distinct particles interacting through the internal 
springs. There is further interaction between the outer masses through the matrix.  The 
connectivity of the 2D system requires each inner mass to be connected to the relevant outer 
mass through two springs in linearly independent (e.g. orthogonal) directions possessing not 
necessarily the same stiffness. The two orthogonal springs adopted here account for all possible 
interactions as they can represent any inclined spring. Similarly the inclined spring representing 
matrix effect in the direction L can be easily reduced to the horizontal and vertical components 
by using equations (7-5) and (6) as follows: 
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A primitive cell of the lattice has been defined here the tessellating of which a units along 
horizontal (x) and b units along vertical (y) directions creates the whole metamaterial. 
Considering the transformations in equations (7-5) and (7-6) the inclined members would be 
summarised in horizontal and vertical ones as shown in figure 3.  
 
(p,q) (p,q+1)
(p+1,q+1)(p+1,q)
x
y
(p,q) (p,q+1)
(p+1,q+1)(p+1,q)
Kh/2
Kv/2
Ki
Keu
Kev
 
Figure 7-3: Member condensation scheme to eliminate the inclined members,  
definition of the primitive cell 
 
As an assembly procedure is required to arrange the primitive cells into the lattice it must be 
noted that in the calculations of this study the masses in primitive cells are taken as half the 
physical masses of the related mass-in-mass unit and the stiffness of the originally vertical and 
horizontal members in the primitive cell are half of those of the members in the lattice. It is 
evident that initially inclined members’ stiffness is preserved. 
 
7.2.2 Equations of motion 
The mass-in-mass unit placed on the p-th row and q-th column is labelled (p,q). The kinetic (T) 
and strain (U) energies which are additive integrals of the motion for a primitive cell of the 
phononic metamaterial can be expressed by equations (7-7a)-(7-7f). 
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Where the displacement components u and v lie in directions x and y and the indices i and e 
refer to internal (inner) and external (outer) masses, respectively. The governing ODE’s for the 
primitive cell can now be obtained by using the principle of least action (Hamilton’s principle) 
as follows:   
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Where S is action in equation (7-8a) and L is the Lagrangian of the system defined by equation 
(7-8b) and equation (7-8c) is the equation of motion for a cell arbitrarily placed in the lattice. wi’s 
are generalised coordinates which in this case are the same as physical components of the 
displacement vector due to the choice of the Cartesian coordinate system.  For the harmonic wave 
propagation in the 2D resonator mass-in-mass lattice system, the equations of motion for the unit in 
position (p,q) are derived as follows: 
     
     
      
     
                                                                                               
     
     
      
     
                                                                                                
     
     
            
     
      
     
      
       
                                      
     
     
            
     
      
     
      
       
                                       
 
The other 12 equations of motion concerning the primitive cell can be derived in a similar manner. 
In fact, all 16 equations can be shown to take the following form: 
 
     
     
      
     
                                                                                                          
     
     
            
     
      
     
      
       
                                                   
 
Where z is either u or v and r and s take values of p, q, p+1 and q+1. The variable r* takes the 
vertical adjacent of r in the case of z=v and s* takes the horizontal adjacent of s for z=u.  
 
7.3 Frequency Analysis 
 
7.3.1 Methodology 
This principle (also known as Bloch’s theorem) renders possible the consideration of one primitive 
cell for studying wave propagation in the entire lattice structure. Details have been discussed in 
Chapter 3. This simplifies the calculation required for the extraction of band gaps significantly.  
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In the case of a plane wave the displacement at an arbitrary lattice point is obtained as follows with 
reference to a similarly placed point in the reference primitive cell: 
 
           
                                                                                                                     
 
The wave vector has complex components in general i.e. kj=δj+iεj where the real part is called the 
attenuation constant and the imaginary part is termed the phase constant [21-23]. In simple terms 
Floquet-Bloch’s principle states the fact that for a lattice structure the change in complex wave 
amplitude across a unit cell due to propagation of wave without attenuation (i.e. δj =0) is 
independent of the position of the primitive cell. Hence, by studying wave propagation in one 
primitive cell the whole lattice will in fact be studied. 
 
The first Brillouin zone [22] is formed following a simple procedure as explained below: 
 
(1) Select any lattice point in the reciprocal lattice and connect it to its immediately 
adjacent points using a straight line. A rectilinear isomorphic of a star graph is 
constructed with the initially chosen lattice point as the origin. 
 
(2) Construct the normal bisectors of the straight segments (edges). The minimal region 
bounded inside the bisectors is a Wiegner-Seitz primitive cell which for the reciprocal 
lattice is the first Brillouin zone.  
When all symmetries are considered for the first Brillouin zone an irreducible first Brillouin zone is 
resulted. Hence, the study of wave propagation in this region will provide the band structure for the 
whole lattice. A parameter s is defined to represent the arc length along the edges of the first 
irreducible zone. It can be shown that the study of wave propagation in the whole lattice would have 
been complete if wave vectors are restricted to the edges of this region [21-23]. Figure 7-4 depicts 
the k-space locus which along with the coordinates of the points given in table 7-1 specifies the 
irreducible zone.  
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Figure 7-4: The irreducible first Brillouin zone 
 
Table 7-1: The coordinates of points of the first irreducible zone (k-space) 
 
7.3.2 Band Structure 
The equations of motion derived in the previous section are used to study the band structure in a 
lattice the primitive cell of which is given in figure 7-3 and consequently possesses the irreducible 
Brillouin zone of figure 7-4. By applying Bloch’s theorem to the irreducible Brilluoin zone in the 
k-space, which can be rewritten as  
                   
      with n being the band index, and TL a translation vector of the 
lattice in k-space, the following relations among the k-space displacements can be obtained: 
 
      
          
             
                                                                              
      
          
             
                                                                               
 
where un is the horizontal component of the displacement vector of node i i.e.     
  
 
  
   .  
vi is defined in a similar manner. Equations (7-12) can be restated on a rearrangement of the 
degrees of freedom as equation (7-13) where the transformation matrix TB is defined by 
equation (7-14): 
Γ P Q R 
0, 0 0,
a

 
ba

,  
b

,0  
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                                                               (7-14) 
with 
       
   
      
   
      
   
      
   
      
   
       
   
      
   
      
   
              
 
and         
   
        
   
     and where I is the 1x1 identity matrix i.e. I=1.The choice of 
this notation is preferable as a generalisation of the study to cases with more degrees of 
freedom or different topologies is rendered possible.   
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Figure 7-5: The nodes bounded by dashed lines attribute the dependent degrees of freedom,  
node 1 degrees of freedom represent Bloch reduced coordinates 
 
For the free vibration of the lattice the equations of motion take the following conventional 
form: 
 
                                                                                                                                     
 
By applying Bloch’s theorem it follows that 
 
                                                                                                                                             
 
where     
      with D being the dynamic matrix defined as       
  and the 
superscript H denoting Hermitian transposition. Equation (7-16) then defines an algebraic 
eigenvalue problem as follows: 
 
                    
                                                                                                  
 
As it has been assumed that wave propagates with no attenuation in the 2D metamaterial, (i.e. 
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k1 = iε1 and k2 = iε2), the associated eigenvalue problem only includes two components of the 
wave vector viz. the phase constants ε1 and  ε2  which along with the frequency of the plane 
wave ω form the complete solution. 
 
As discussed earlier, due to the periodicity, the phase constants ε1 and ε2 can be specified to 
restrict the wave vector to the edges of the irreducible part of the 1
st
 Brillouin zone. (i.e. k[-π, 
π]d , where d is the dimension of the space (here 2)) Any other point k of the zone which is not 
in this rectangle can be rotated into a k-vector inside the rectangle by a symmetry operation that 
leaves the zone invariant. Based on these, dispersion surfaces can be computed by solving for 
the frequencies. The results for some cases are presented and discussed in the next section. 
 
7.4 Parametric studies 
 
A set of non-dimensional parameters can be obtained based on the parameters defining the 
problem uniquely and by the application of Buckingham’s Pi-theorem. Let the number of 
dimensional parameters defining the model be n and the rank of the dimensionality matrix be r 
then the cardinality of the set of dimensionless parameters is n-r. These parameters along with r 
dimensional ones define necessarily the same problem. The following dimensionless 
parameters are extracted for the problem under consideration for which n=7 and r=2. 
 
     
  
  
                                                                                                                                  
     
   
   
                                                                                                                                  
   
   
   
                                                                                                                                           
   
   
   
                                                                                                                                           
   
   
    
                                                                                                                                        
 
where π5 is the response parameter and all other parameters are inputs. As brevity is intended 
only a special case of anisotropy termed ―resemblant anisotropy‖ is considered which assumes 
π2=π3.  A total number of 27 models have been considered with the characteristics of each 
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model being included in table 7-2. It may be more convenient, as well as geometrically more 
meaningful, to choose a different dimensionless parameter (γ=a/b) instead of π4 for the sake of 
the parametric studies in this section. Equations (7-5) and (7-6) suggest π4 (of equation (  
  d)) can be expressed as a function of the primitive cell aspect ratio (γ=a/b).  
 
As mentioned previously, 3x3x3=27 models are considered for the sake of parametric studies of 
this section. Figures 7-6(1)-7-6(27) show the results of parametric studies conducted. In each 
such diagram the abscissa shows the edge arc length parameter (s) introduced in figure 7-4 and 
the ordinate is the non-dimensional frequency normalised with respect to the third natural 
frequency (   
  
    . The choice of this response parameter is physically more meaningful.  
 
Table 7-2: Model specifications 
β                           
α 
0.1 1 10 
0.1 
Case 1, γ = 0.5 Case 4, γ = 0.5 Case 7, γ = 0.5 
Case 2, γ = 0.75 Case 5, γ = 0.75 Case 8, γ = 0.75 
Case 3, γ = 1 Case 6, γ = 1 Case 9, γ = 1 
1 
Case 10, γ = 0.5 Case 13, γ = 0.5 Case 16, γ = 0.5 
Case 11, γ = 0.75 Case 14, γ = 0.75 Case 17, γ = 0.75 
Case 12, γ = 1 Case 15, γ = 1 Case 18, γ = 1 
10 
Case 19, γ = 0.5 Case 22, γ = 0.5 Case 25, γ = 0.5 
Case 20, γ = 0.75 Case 23, γ = 0.75 Case 26, γ = 0.75 
Case 21, γ = 1 Case 24, γ = 1 Case 27, γ = 1 
 
 
A comparison of each case (i) with cases (i+1) and (i+2), (i=3k+1, k=0,1,…) shows the effect 
of parameter (γ=a/b). As γ, the aspect ratio of the primitive cell, increases a wider range of 
lower frequencies are filtered out while higher frequency components of response are no longer 
absent. This shows the beneficial effect of anisotropy in filtering higher frequency components 
of the response provided wave direction is known a priori. These results are consistent and are 
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observed in all cases irrespective of mass and stiffness ratios. The cases γ=1 i.e. i=3k 
correspond to isotropic 2D metamaterials. Due to resemblant anisotropy this implies complete 
lattice isotropy. The band structure in any such case must be symmetric about point Q on the 
k-space locus. This is observed in all such cases.  
 
Comparison of each case (i) with cases (i+3) and (i+6), (i=3k+1, k=0,1,…) depicts the effect of 
mass ratio on band structure. Mass ratio, as defined by equation (21a), has a similar effect as 
aspect ratio i.e. by increasing this ratio; lower frequencies are filtered more efficiently while the 
situation is aggravated if filtering higher frequencies is of interest.  The effect of mass ratio on 
wave propagation can be perceived as the similar case of a simple tune mass damper (TMD) 
(the electrical analogue is an LCR circuit). The ratio can be tuned to provide the desired band 
structure.  
 
When case (i) is compared to cases (i+9) and (i+18), (i=3k+1, k=0,1,…) the effect of stiffness 
ratio on band structure is clarified. Stiffness ratio i.e. β= π2=π3 plays a similar role as mass ratio 
in the sense that lower frequencies are more pronouncedly filtered out when this ratio increases, 
however; there is a difference here. As the stiffness ratio increases the frequency curves flatten 
which implies the wider range of frequency filtering for lower frequencies while preserving 
some higher frequency filtering. In the extreme case when β>>1 the two masses are connected 
by a rigid link. This implies no local resonance and the metamaterial behaves as an ordinary 2D 
lattice. Dispersion curves for this case can apparently be regenerated ignoring that the two 
particles are distinct.  
 
The degree and direction of influence of dimensionless parameters on band structure evidently 
allow for tailoring capabilities to be achieved for metamaterials comprising locally resonant 
mass-in-mass units. Furthermore; the anisotropy of the lattice adds a new dimension in the 
sense that an optimal point can always be found in the space of alternatives for which an 
intermediate frequency is filtered. For harmonic and periodic pulses the meaning is obvious.  
The important task would thus be converting a transient pulse (in t-domain) to amplitude vs. 
frequency curve in Fourier space (ω-domain) and find out the damaging frequencies with 
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highest amplitudes. Then tailoring the metamaterial would render these components impossible 
to propagate. 
    
 
 
Figure 7-6: Band structures for different cases included in parametric studies  
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7.5 Conclusions 
 
The present study deals with extraction of band structure and the associated frequency filtering 
phenomenon in 2D anisotropic metamaterials composed of locally resonant mass-in-mass units 
interred in massless soft matrix of a dissimilar material. The problem is formulated in the most 
general form and the equations of motion are derived by the application of Hamilton’s principle. 
The metamaterial under consideration forms a direct lattice a primitive cell of which is defined 
in r-space. Although the formulation is general due to relatively large number of parameters 
involved only a special case of anisotropy has been considered which is termed ―resemblant‖. 
Shock propagation without attenuation is assumed and Floquet-Bloch’s principle is applied to 
the irreducible Brillouin zone of k-space locus of the primitive cell. The phenomenon of 
frequency filtering is observed and the band structure is extracted. A parametric study is 
conducted with 27 cases involved and the degree and direction of influence of each 
dimensionless parameter on the band structure is appreciated. It is shown that by tailoring the 
mass ratio, aspect ratio and stiffness ratio at a time both lower and higher frequencies can be 
filtered. The task would thus be to determine the damaging frequency contents of an external 
pulse load. 
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CHAPTER 8  
CONCLUSIONS  
AND SUGGESTIONS FOR FURTHER WORK 
 
8.1 Conclusions 
 
In this research, three types of hybrid systems have been investigated and their performance has 
been validated. They are: (1) the metal-to-composite hybrid joints, (2) sandwich panels (3) the 
metamaterial.  For hybrid joints, the perforated joint and two combined hybrid joints have 
been studied. For sandwich panels, the third order shear deformation theory has been used to 
look into the forced and free vibration of a circular sandwich panel with symmetric architecture 
subjected to a pulse loading of arbitrary temporal and spatially uniform distribution (UDL). On 
the other hand, the dynamic response of four circular sandwich panel constructions with 
different core designs under global and local blast loading conditions has been investigated. For 
the metamaterial, the band structure and the associated frequency filtering phenomenon in 
two-dimensional (2D) anisotropic metamaterials have been investigated. The following 
conclusions can be drawn from the present study: 
 
8.1.1 Hybrid Joints 
 
• The numerical case study of perforated hybrid joints indicates that introducing perforations 
to the metal part of the hybrid joints has frequency filtering effects which could be used to 
improve the performance of the hybrid joint under impulsive loading conditions. 
Especially for tensile loading cases, the maximum amplitude was reduced significantly and 
the range of present frequencies was widened slightly. Based on this, filtering effect of the 
perforated hybrid joint is further studied by a frequency analysis of a heterogeneous 2D 
lattice. The analyses show that frequency bands can be governed not only by the 
proportion of inclusion (resin filling) to the matrix (metallic part), but also by the structural 
geometric input ratios (i.e. by hole size to spacing ratios). Therefore, apart from using high 
contrast material in a heterogeneous perforated 2D lattice panel, the perforated lattice 
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panel can be optimised to achieve desired band gap characteristics by varying the 
geometric input.  
 
• Band structure diagrams obtained from the frequency analyses of a heterogeneous 
perforated 2D lattice panel show that perforations may have limited effect on lower 
excitation frequencies, nevertheless, clearly complete forbidden bands are observed for a 
range of higher excitation frequencies. These higher frequencies are the ones which might 
cause dramatic and sudden failure to the hybrid joint in a high rate loading event such as a 
blast or impact scenario. The advantages of perforated lattice frequency filtering could be 
utilised to protect the joints subjected to impulsive or pulse loads, thus, to improve their 
shock response behaviour.  
 
• The numerical study of the composite sandwich panel with combined base design hybrid 
joint, and the study of Beltran joints show, that material property and configuration of the 
joints can have a major effect to the structural performance of the hybrid system. 
Manufacturing defects and inefficient design can significantly reduce the ultimate strength, 
and change the failure mode of the system.     
 
8.1.2 Sandwich Panels 
 
• The third order shear deformation theory has been used to investigate forced and free 
vibration of a circular sandwich panel with symmetric architecture subjected to a pulse 
loading of arbitrary temporal and spatially uniform distribution (UDL). The governing 
partial differential equations (PDE’s) are derived using the principle of least action, and 
based on the application of weak form Galerkin’s method of weighted residuals, the PDE’s 
are transformed into ODE’s. The governing ODE’s along with their boundary and initial 
conditions are transformed to s-domain using Laplace transformation. The results are 
obtained and transformed back to the t-domain. By comparing these results with the output 
obtained from FE analyses there is a strong correlation even considering few terms in the 
displacement series expansions, which proved that the third order shear deformation theory 
can be easily applied to a sandwich panel to study the dynamic response when subjected to 
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a pulse load, meanwhile, the zero shear natural boundary conditions at the top and the 
bottom of the panel are satisfied. Although a thick sandwich panel was investigated as an 
example in Chapter 5, TST is free from shear locking, and is universally applicable, as its 
form approaches that of classical laminated plate theory CLPT when applied to a thin 
plate. 
 
• The dynamic response of four circular sandwich panel constructions with different core 
designs under global and local blast loading conditions has been numerically investigated. 
A ductile elastomeric material layer of polyurea, and a fairly compressible 
Divinycell-H200 foam layer have been selected as the additional core inter-layers and have 
been placed in different manners to improve the overall blast resistance of the standard 
sandwich panels with glass fibre reinforced plastic (GFRP) face-sheets, and balsawood 
cores. The results obtained from 50 numerical tests show that the improvement in shear 
failure prevention of the core as a result of the use of additional core layers and a reduction 
in the level of kinetic and strain energies in the core. The conclusions are confirmed and 
explained by using a qualitative 2DoF system with an viscoelastic spring element 
representing the sacrificial additional core inter-layers and a nonlinear spring representing 
the stiffness of the conventional sandwich system and comparing the results of dynamic 
analysis with a similar qualitative SDoF model of a conventional sandwich panel. 
 
8.1.3 Metamaterials 
 
• The band structure and the associated frequency filtering phenomenon in two-dimensional 
(2D) anisotropic metamaterials have been investigated. The metamaterial encompasses 
locally resonant mass-in-mass units buried in a massless soft matrix of a dissimilar 
material. The problem of wave propagation in the resulted 2D lattice is formulated in the 
most general form and the equations of motion are derived by the application of 
Hamilton’s principle. Floquet-Bloch’s principle is applied to the irreducible Brillouin zone. 
It was found that the employed formulation can capture the phenomenon of frequency 
filtering in this class of structures and the full band structure is extracted.  
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• A set of non-dimensional parameters are defined based on Buckingham’s Pi-theorem and a 
parametric study is conducted with 27 cases involved. The degree and direction of 
influence of each dimensionless parameter on the band structure is appreciated. It is shown 
that by tailoring the mass ratio, aspect ratio and stiffness ratio at a time both lower and 
higher frequencies can be filtered. 
 
 
 
8.2 Suggestions 
Some suggestions for future work are as follows: 
 
8.2.1 Perforated Joints & Energy Guiding 
 
With regard to perforated joints, the frequency filtering effect of the perforated joints can be 
further investigated with various perforation topology, geometry and different material 
properties. The pattern of the perforation can be optimised and hopefully the desired frequency 
and energy band structure can be achieved. The work will involve developing both boundary 
element (BE) and finite element (FE) models in conjunction with the Floquet–Bloch’s principle 
to perform frequency analyses.  On the other hand, the energy guiding effects will be 
investigated with different perforation arrangement. Investigating energy guiding in perforated 
joints is inspired by the work of Sigmund et al [1]. They used a systematic approach based on 
topology optimisation procedures to study a square arrangement of inclusions.  By varying the 
proportion of resin filling to metallic part; they found that the maximum width of band gap 
appears for the high contrast case. Figure 8-1 illustrates the band-gap phenomenon and the 
wave guiding effects in a lattice structure.   
 
The boundary effects and fracture mechanism can be considered in the future study. An 
advanced numerical model of a butted perforated hybrid joint will be developed to simulate and 
estimate the effects of frequency filtering, energy guiding and failure progress inthe joint. With 
regard to fracture when cracking starts from the boundaries of the perforation or the unit cell, it 
is possible to use BEM to study crack propagation. This is expected to be the case due to stress 
concentration factor of 3 near round corners of holes. Sharp corners cause even more stress 
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concentration. For the general crack propagation analysis in the medium, XFEM will be used to 
discreetly model the crack. Output variables such as J-integral, stress intensity factors (SIF’s) or 
T-stress are currently unavailable for the XFEM in ABAQUS 6.9.  Nonetheless it is 
anticipated that these parameters will be included in the future releases of the software. 
 
 
 
Figure 8-1: Scalar wave propagation in two-dimensional domains with absorbing boundary 
conditions and forced vibrations at the left edge. (a) Wave propagation through homogeneous 
structure; (b) wave propagation with higher frequency through a homogeneous structure; (c) 
wave propagation through a structure with periodic inclusions; (d) (no) wave propagation with 
higher frequency through a periodic structure; (e) wave propagation through a periodic 
structure with a defect; and (f) wave guiding a higher frequency through a periodic structure 
with a defect. [1] 
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8.2.2 Comeld Joints 
 
As mentioned before, the ComeldTM surface treatment technique can increase the ultimate 
strength of the hybrid joints by 30% and absorb three times more energy than joints without 
Comeld
TM
 before failure [2]. Cohesive elements with direct tractions vs. separation constitutive 
behaviour are applied in the current FE models to simulate the behaviour of the Comeld
TM
 
surface. Results show that the FE model is able to capture the ultimate strength of the stepped 
joints with and without Comeld
TM. 
. However, the plasticity behaviour of the Comeld
TM
 layer 
cannot be accurately simulated due to the limitation of the constitutive behaviour and the failure 
criteria of the applied cohesive elements. Hence, a UMAT/VUMAT subroutine needs to be 
formulated to accurately estimate the amount of energy dissipated through plastic deformation 
in the Comeld
TM
 hybrid joints. 
 
8.2.3 Modelling Sandwich Panels with Large Deformation 
 
A fourth order shear deformation theory can be developed by adding a term to the displacement 
function in the third order shear deformation theory. In order to have the analytical model being 
able to capture the large deformation, the second Kirchoff-Piola stress tensor can be applied for 
formulation, instead of the Cauchy’s stress tensor, which has been applied in the current study.  
 
8.2.4 Metamaterials 
 
The current work on 2D lattice metamaterials can be extended to a further study of 
hyper-matematerials in a 3D spherical space. By applying a one-to-one mapping, the 2D lattice 
can be transformed onto a Riemann surface in spherical coordinate system. The analysis of 
hyper-matematerials can be used to develop new blast resistant, multifunction, anisotropic 
hyper-metamaterial panels. 
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function [sf]=Phix(j,X,N,r) 
sf = 1; 
for n=1:N  
    if (n~=j) 
       sf = sf *(r-X(n))/(X(j)-X(n));end 
end 
end 
  
 
Matlab7.5 script 1 
 
Appendix A 
Derived Jacobian Matrix for a 3x3 Lagrange Element 
JI=[-1/2*(r-1)*(1/2*s+1/2)*s*a-1/2*(r+1)*(1/2*s+1/2)*s*a+1/2*(r-1)*(s+1)*(s-1)*a+1/2*(r+1)*(s+1) 
*(s-1)*a-1/4*(r-1)*s*(s-1)*a-1/4*(r+1)*s*(s-1)*a+1/2*r*(1/2*s+1/2)*s*a+(1/2*r+1/2)*(1/2*s+1/2)*s* 
a-1/2*r*(s+1)*(s-1)*a-(1/2*r+1/2)*(s+1)*(s-1)*a+1/4*r*s*(s-1)*a+1/2*(1/2*r+1/2)*s*(s-1)*a , 
-1/2*(r-1)*(1/2*s+1/2)*s*c+r*(1/2*s+1/2)*s*c+1/4*(r-1)*(s+1)*(s-1)*c-1/2*r*(s+1)*(s-1)*c-(r+1)*(1/ 
2*s+1/2)*s*c+1/2*(r+1)*(s+1)*(s-1)*c+(1/2*r+1/2)*(1/2*s+1/2)*s*c-1/2*(1/2*r+1/2)*(s+1)*(s-1)*c] 
[ -1/2*(r+1)*(r-1)*s*a-1/2*(r+1)*(r-1)*(1/2*s+1/2)*a+1/4*(r+1)*(r-1)*(s-1)*a+1/2*(r+1)*(r-1)*(s+1)*a
+(1/2*r+1/2)*r*s*a+(1/2*r+1/2)*r*(1/2*s+1/2)*a-1/2*(1/2*r+1/2)*r*(s-1)*a-(1/2*r+1/2)*r*(s+1)*a,  
1/4*r*(r-1)*s*c+1/2*r*(r-1)*(1/2*s+1/2)*c-1/4*r*(r-1)*(s-1)*c-1/4*r*(r-1)*(s+1)*c-1/2*(r+1)*(r-1)*s*c
-(r+1)*(r-1)*(1/2*s+1/2)*c+1/2*(r+1)*(r-1)*(s-1)*c+1/2*(r+1)*(r-1)*(s+1)*c+1/2*(1/2*r+1/2)*r*s*c+(1
/2*r+1/2)*r*(1/2*s+1/2)*c-1/2*(1/2*r+1/2)*r*(s-1)*c-1/2*(1/2*r+1/2)*r*(s+1)*c ] 
 
Appendix B 
MATLAB 7.5 Scripts 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Matlab7.5 script 2 
for i=1:P 
    for j=1:N      
HIa(i,j)=Phix(j,X,N,r)*Phiy(i,PY,P,s); 
    end 
end 
HIa 
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0.18-01.43-00.18-00.36087.200.3600.7205.73.........
00.18-01.43-00.18-00.36087.200.3600.7205.73......
0.0900.18-00.36-00.18-00.3600.7200.36-00.7201.43...
00.0900.18-00.36-00.18-00.3600.7200.36-00.7201.43
e 0.1   7-33 Symmetric  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Appendix C 
 
Derived Mass Matrix for a 3x3 Lagrangian Element 
 
 
 
Matlab7.5 script 3 
[risi_N,weight_N]=GS(GSN,GSra,GSrb); 
[risi_P,weight_P]=GS(GSP,GSra,GSrb);  
 Fmass_a=HIT*HI*dJI; 
************************************ 
Fmass_b=zeros(P*N*2,P*N*2); 
for risi_Ni=1:GSN 
    for risi_Pi=1:GSP 
        r=risi_N(risi_Ni,1); 
        s=risi_P(risi_Pi,1);   
Fmass_b=Fmass_b +weight_N(risi_Ni,1) 
.*weight_P(risi_Pi,1).*subs(Fmass_a); 
syms r s 
    end 
end 
MassI= simplify(rus*t*Fmass_b); 
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Derived Stiffness Matrix for a 3x3 Lagrangian Element 
 
k1,6=k2,13= k5,18=k14,17=0.89; k1,14= k2,5= k6,17=k13,18= -0.89;  
k1,2=k17,18=34.82; k5,6=k13,14= -34.82; 
k1,8=k2,3=k4,5=k6,11=k7,14=k12,17=k13,16=k15,18=3.57;k1,4=k2,7=k3,6=k5,12=k8,13=k11,18=k14,15=k16,17= -3.57;  
k1,12=k1,16=k2,11=k2,15=k3,18=k4,17=k7,18=k8,17=15.5;k3,14=k4,13=k5,8=k5,16=k6,7=k6,15=k11,14=k12,13= -15.5;  
k3,8=k4,7=k5,10=k6,9=k9,14=k10,13=k11,16=k12,15=61.9;k1,10=k2,9=k3,12=k4,11=k7,16=k8,15=k9,18=k10,17= -61.9;              
k1,18= k2,17= -3.87; k5,14= k6,13=3.87;        
k1,5= k13,17=9.25∙δ -5.83/δ;             k2,14= k6,18= -5.83∙δ +9.52/δ; 
k1,1= k5,5= k13,13= k17,17=66.67∙δ +23.33/δ; k2,2= k6,6= k14,14= k18,18=23.33∙δ +66.67/δ; 
k1,3= k3,5= k13,15= k15,17= -76.19∙δ +11.67/δ; k2,8= k6,12= k8,14= k12,18=11.67 ∙δ -76.19/δ; 
k1,7= k5,11= k7,13= k11,17= 33.33∙δ -26.67/δ; k2,4= k4,6= k14,16= k16,18=-26.67∙δ +33.33/δ; 
k1,9=k3,7=k3,11=k5,9=k7,15=k9,13=k9,17=k11,15=-38.1∙δ -13.3/δ; k3,15=-38.1∙A+13.33/δ; k7,11=38.1∙δ -13.33/δ; 
k2,10=k4,8=k4,12=k6,10=k8,16=k10,14=k10,18=k12,16=-13.33∙δ-38.1/δ;k8,12=13.3∙A-38.1/δ;k4,16=-13.3∙δ+38.1/δ; 
k1,11= k2,16= k5,7= k7,17= k11,13=4.76∙δ +6.67/δ; k2,16= k4,14= k4,18= k6,16=6.67∙δ +4.76/δ; 
k1,13= k5,17= -16.67∙δ +3.33/δ; k2,6= k14,18=3.33∙δ -16.67/δ; 
k1,15= k3,13= k3,17= k5,15= 19.05∙δ +1.67/δ; k2,12= k6,8= k8,18= k12,14=1.67∙δ +19.05/δ; 
k1,17= k5,13= -2.38∙δ -0.83/δ; k2,18= k6,14= -0.83∙δ -2.38/δ; 

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



18,18
17,1817,17
16,1816,1716,16
15,1815,1715,15
14,1814,1714,1614,1514,14
13,1813,1713,1613,1513,1413,13
12,1812,1712,1612,1512,1412,1312,12
11,1811,1711,1611,1511,1411,1311,11
10,1810,1710,1610,1410,1310,1210,10
9,189,179,159,149,139,119,9
8,188,178,168,158,148,138,128,108,8
7,187,177,167,157,147,137,117,97,7
 ,186 ,176 ,166 ,156 ,14613 6, ,126 ,11610 6,6,96,86,76,6
 ,18517 5,16 5,15 5,14 5,13 5, ,12511 5, ,1055,95,85,75,65,5
18 4,17 4,16 4, ,14413 4,12 4,11 4,10 4,4,84,74,64,54,4
18 3,17 3,15 3,14 3,13 3, ,12311 3,3,93,83,73,63,53,3
18 2,17 2,16 2,15 2,14 2,13 2, ,122 ,11210 2,2,92,82,72,62,52,42,32,2
 ,18117 1, ,161 ,151 ,141 ,131 ,12111 1, ,1011,91,81,71,61,51,41,31,21,1
k................................................
kk................................................
kkk.............................................
kkk..........................................
kkkkk.......................................
kkkkkk....................................
kkkkkkk.................................
kkkkkkk..............................
kkkkkkk...........................
kkkkkkk........................
kkkkkkkkk.....................
kkkkkkkkk..................
kkkkkkkkkkkkk...............
kkkkkkkkkkkkkk............
kkk0kkkkkkkkkk.........
kkkkkkkkkkkk0k......
kkkkkkkkkkkkkkkkk...
kkkkkkkkkkkkkkkkkk
 
0
0
00
000
00
000
0
00
3x3Ie
K
Symmetric  
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k3,3= k15,15= 152.38∙δ +93.33/δ; k8,8= k12,12= 93.33∙δ +152.38/δ; 
k4,4= k16,16= 53.33∙δ +266.67/δ; k7,7= k11,11= 266.67∙δ +53.33/δ; 
k3,9= k9,15= 76.19∙δ -106.67/δ; k8,10= k10,12= -106.67∙δ +76.19/δ; 
k4,10= k10,16= 26.67∙δ -304.76/δ; k7,9= k9,11= -304.76∙δ +26.67/δ; 
k9,9=609.52∙δ +213.33/δ; k10,10=213.33∙δ +609.52/δ; 
 
where δ= c/a 
 
Appendix D 
 
Matetrial properties and dimensions used in the analytical model of sandwich panel 
 
Units: kN, mm, ms, kg 
 
EGrr= 17,  EGζζ = 17,  EGt= 7.5 ,  νGζr= 0.05 ,  νGzr = 0.11,  νGzζ= 0.11 
GGrζ= 8.1,  GGrz=2.9,  GGζz= 2.9,  ρG= 2.1-6 
ECrr= 0.12,  ECζζ= 0.12,  ECt= 3.9,  νCζr= 0.02,  νCzr = 0.0813,  νCzζ= 0.0813 
GCrζ= 0.059,  GCrz= 0.157,  GCζz= 0.157,  ρC= 5.2e-8 
 
R=250;  Zcore=16,  ZGFRP = 2,  Z1= -10,  Z2=-8,  Z3=8,  Z4=10,  h=20 
 
CCrrrr= 0.12, CCrrζζ=0.0024, CCrrzz=0.01, CCzzzz=3.9, CCrζrζ=0.059, CCrzrz=0.157 
CGrrrr= 17.59, CGrrζζ=1.4, CGrrzz=2.1, CGzzzz=7.96, CGrζrζ=8.1, CGrzrz=2.9 
 
 
Appendix E 
 
The coefficients PDE’s 
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Appendix F 
Failure patterns associated with numerically tested sandwich models 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure F2: SP7. Core Shear Failure (1.6ms)  
Figure F3: SP8. Adhesive Failure (4.16ms)  
Figure F1: SP6. Core Shear Failure (1.28ms) 
Figure F4: SP9. Adhesive Failure (4.48ms)  
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Figure F5: SP10. Adhesive Failure (4.48ms)  Figure F6: SP16. Core Shear Failure (0.8 ms)  
Figure F8: SP18. Adhesive Failure (3.68ms)  Figure F7: SP17. Core Failed in Shear (0.96ms)  
Figure F9: SP19. Adhesive Failure (4.16ms)  Figure F10: SP20. Adhesive Failure (4.16ms)  
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Figure F11: SP21. Core Failed in Shear (20.83ms)  Figure F12: SP22 Core Failed in Shear (22ms)  
Figure F13: SP23. Core Failed in Shear (22.5ms)  Figure F14: SP24. Core Failed in Shear (18.5ms)  
Figure F15: SP25. Core Failed in Shear (21.92ms)  Figure F16: SP31. Core Failed in Shear (1.76ms)  
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Figure F19: SP34. Adhesive Failure (4.64ms)  
Figure F18: SP33. Adhesive Failure (1.92ms)  Figure F17: SP32. Core Failed in Shear (1.92ms)  
Figure F20: SP35. Adhesive Failure (4.64ms)  
Figure F21:SP41. Core Failed in Shear (1.21ms)  Figure F22: SP42. Core Failed in Shear (1.28ms)  
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Figure F23: SP43. Adhesive Failure (3.84ms)  Figure F24: SP44. Adhesive Failure (4.32ms)  
Figure F25: SP45. Adhesive Failure (4.32ms)  
